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Abstract 

 
In this paper, we introduced some operations on multiset topological spaces to include union, intersection, 

arithmetic multiplication, Scalar multiplication and Raising to Arithmetic Power. Studies revealed that these 

operations are closed on the various classes of multiset topological spaces defined. 

 

 
Keywords: Multiset; topological space; arithmetic multiplication; scalar multiplication; raising to arithmetic 

power. 

 

1 Introduction 
 

The notion of multiset (mset, for short) is well established both in mathematics and in computer science. In 

mathematics, a mset is considered to be the generalization of a set. In classical set theory, a set is a well-defined 
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collection of distinct objects, if repeated occurrences of any object are allowed in a set, then a mathematical 

structure, that is known as mset is obtained. For the various applications of msets the reader is referred to article 

[1]. It is observed from the survey of available literature on msets and applications that the idea of mset was hinted 

by R. Dedikind in 1888. The mset theory which generalizes set theory as a special case was introduced by Cerf et 

al. [2]. The term mset, as noted by Knuth [3] was first suggested by N.G de Bruijn in a private communication to 

him. Further study was carried out by Yager [4], Blizard [5]. Other researchers [6,7,8] gave a new dimension to 

the multiset theory. 

 
Research on the mset theory has been gaining grounds. The research carried out so far shows a strong analogy in 

the behaviour of sets and msets. It is possible to extend some of the main notion and result of sets to the setting of 

msets. The concept of mset topological space (M-topological space, for short) and the concept of open mset were 

introduced by Gerish and John [9]. More precisely, an M-topology is defined as a set of mset points. Furthermore, 

the notion of basis, sub basis, closed sets, closure and interior in topological spaces were extended to M-

topological spaces and many related theorems also proved. 

 
Mahanta and Das [10] studied the Semi Compactness in mset Topological space, by considering their properties. 

They introduce the concepts of semi open and semi closed msets in M-topological spaces. With this generalization 

of the notions of open and closed sets in M-topological space, they generalize the concept of compactness in M-

topological space as semi compactness. Furthermore, semi compactness is generalized as semi whole 

compactness, semi partial whole compactness and semi full compactness. They also studied some of the 

characterizations of these compact spaces in the setting of mset theory. Furthermore, Mahanta, [11] introduced 

the concepts of exterior and boundary in mset topological space. They further established a few relationships 

between the concepts of boundary, closure, exterior and interior of an M- set. These concepts have been 

pigeonholed by other existing notions viz., open sets, closed sets, and limit points. The necessary and sufficient 

condition for an mset to have an empty exterior is also presented and justified.  

 
Sobhy. A. El-Sheikh et al [12] extended the notion of Hausdorff topological space as T2 space, as part of the 

separation axioms where the set upon which the topology is built is a mset and introduced, studied the notion of 

mset bitopological spaces (M-bitopological space, for short). They further presented the notion of ij-pre-open 

msets, ij-𝛼-open msets, ij-semi-open msets, and ij-𝛽-open msets. In recent years, neutrosophic soft bitopological 

spaces have emerged as a promising framework for handling uncertainty and imprecision in various domains, 

particularly in the context of decision-making problems. Hasan Dadas, [13] presents a comprehensive study of 

advanced decision-making techniques using generalized closed sets in neutrosophic soft bitopological spaces.  

 

In this paper, we extended the concept of M-bitopological space to Hausdorff M-bitopological space and 

introduced operations on the various classes M-topological spaces to include submultispaces (submspace), union, 

intersection,arithmetic multiplication, scalar multiplication and raising to arithmetic power and established that 

these operations are closed on the various classes [14-16]. Consequently, we presented some basic definitions and 

notations in section 2. In section 3, our results are presented and the summary of our findings are given in section 

4. 

 

2 Basic Definitions and Notations 
 
Definition 2.1 Jena et al. [17] (mset): A mset 𝐴 drawn from the set 𝑋 is represented by a count function 𝑚𝐴 or 𝐶𝐴 

defined as 𝐶𝐴: 𝑋 ⟶ 𝑁, where 𝑁 is the set of non-negative integers. 

 
Here 𝐶𝐴(𝑥) is the number of occurrences of the element 𝑥 in the mset 𝐴. The number 𝐶𝐴(𝑥) is assumed unique 

and finite from known areas of applications.We present the mset 𝐴 drawn from the set 𝑋 = {𝑥1, 𝑥2, 𝑥3, … , 𝑥𝑛} as 

𝐴 = {𝑚1 𝑥1⁄ , 𝑚2 𝑥2⁄ , 𝑚3 𝑥3⁄ , … , 𝑚𝑛 𝑥𝑛⁄ }  where 𝑚𝑖 = 𝐶𝐴(𝑥𝑖)  𝑖 = 1,2,3, … , 𝑛  in the mset 𝐴 . However, those 

elements which are not included in the mset 𝐴 have zero count. i.e 𝐶𝐴(𝑥) = 0 ⟺ 𝑥 ∉ 𝐴 and 𝐶𝐴(𝑥) > 0 ⟺ 𝑥 ∈
𝐴. A mset 𝑀 is called simple or singleton if and only if for any 𝑥, 𝑦 ∈ 𝑀, we have 𝑥 = 𝑦. For example 𝑀 = [𝑘 𝑥⁄ ] 
where 𝑘 > 0. The mset 𝑀 over the set 𝑋 is said to be empty iff 𝐶𝑀(𝑥) = 0 ∀ 𝑥 ∈ 𝑋. We denote the empty mset 

by ∅ and 𝐶∅(𝑥) = 0, ∀ 𝑥 ∈ 𝑋. 

 
Definition 2.2: Let 𝐴 be a mset drawn from the set 𝑋. The root(support ) set of 𝐴 denoted 𝐴∗ is defined: 𝐴∗ =
{𝑥 ∈ 𝑋: 𝐶𝐴(𝑥) > 0}. Note that 𝑥 ∈ 𝐴∗ ⟺ 𝑥 ∈ 𝐴 for all 𝑥.  
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Definition 2.3 Singh et al. [1] (Cardinality of an mset): The cardinality of an mset 𝐴 denoted |𝐴|is the sum of the 

multiplicities of all the elements in 𝐴 i.e |𝐴| = ∑ 𝐶𝐴(𝑥)𝑥∈𝑋   

 

Definition 2.4 Singh et al. [1] (Finite mset): A mset 𝐴 is said to be finite if and only if 𝐴∗ is finite. 

 

Note that 𝐴 is finite if and only if |𝐴| < ∞ 

 

Definition 2.5 Singh et al. [1]: A domain 𝑋, is defined as a set of elements from which msets are drawn. We 

denote the mset space 𝑀(𝑋) as the set of all finite msets whose elements are in 𝑋. i.e  

 

If 𝑋 = {𝑥1, 𝑥2, … , 𝑥𝑛}, then 𝑀(𝑋) = {{𝑚1 𝑥1⁄ , 𝑚2 𝑥2⁄ , 𝑚3 𝑥3⁄ , … , 𝑚𝑛 𝑥𝑛⁄ }}  

 

𝑥𝑖 ∈ 𝑋, 𝑖 = 1,2,3, … , 𝑛. Note that 𝑀∗ ∈ 𝑀(𝑋) for which 𝐶𝑀∗(𝑥) = 𝑛 ↔ 𝑛 = 1 ([5]) 

 

Definition 2.6 Singh et al. [1] (mset relations and operations): 

 

Let 𝑀, 𝑁 ∈ 𝑀(𝑋). Then  

 

i. (equality) 𝑀 = 𝑁 iff 𝐶𝑀(𝑥) = 𝐶𝑁(𝑥) ∀𝑥 ∈ 𝑋. 

ii. (submset) 𝑀 ⪽ 𝑁 iff 𝐶𝑀(𝑥) ≤ 𝐶𝑁(𝑥)∀𝑥 ∈ 𝑋. Note that ∅ ⪽ 𝑁 ∀𝑁 ∈ 𝑀(𝑋) 

iii (mset union) 𝑃 = 𝑀 ⊎ 𝑁 iff 𝐶𝑃(𝑥) = 𝑀𝑎𝑥{𝐶𝑀(𝑥), 𝐶𝑁(𝑥)} ∀𝑥 ∈ 𝑋. 

iv (mset intersection) 𝑃 = 𝑀 ⩀ 𝑁 iff 𝐶𝑃(𝑥) = 𝑀𝑖𝑛{𝐶𝑀(𝑥), 𝐶𝑁(𝑥)}∀𝑥 ∈ 𝑋  

v (mset addition) 𝑃 = 𝑀⨁𝑁 iff 𝐶𝑃(𝑥) = 𝐶𝑀(𝑥) + 𝐶𝑁(𝑥)∀𝑥 ∈ 𝑋  

vi (mset Difference) 𝑃 = 𝑀 ⊖ 𝑁 iff 𝐶𝑃(𝑥) = 𝑀𝑎𝑥{𝐶𝑀(𝑥) − 𝐶𝑁(𝑥), 0}l ∀𝑥 ∈ 𝑋. 

viii (mset arithmetic multiplication) 𝑃 = 𝑀⨀𝑁 𝑖𝑓𝑓 𝐶𝑃(𝑥) = 𝐶𝑀(𝑥). 𝐶𝑁(𝑥) ∀𝑥 ∈ 𝑋. 

ix (mset raisig to arithmetic power)  

 

𝑃 =  𝑀𝑛 iff 𝐶𝑃(𝑥) = 𝐶𝑀𝑛(𝑥) = (𝐶𝑀(𝑥))
𝑛

. 

 

x (mset scalar multiplication) 𝑃 = 𝑘𝑀 for 𝑘 ∈ {1,2, … } iff 𝐶𝑃(𝑥) = 𝑘𝐶𝑀(𝑥)  

 

all 𝑥 ∈ 𝑋. 

 

Note that the operations ⊎, 𝑎𝑛𝑑 ⩀ ara commutative, associative and distributive over each other(see([1,18]). It is 

also clear from the definitions that for any 𝐴, 𝐵 ∈ 𝑀(𝑋), we have  

 
(𝐴 ⊎ 𝐵)𝑛 = 𝐴𝑛 ⊎ 𝐵𝑛 and (𝐴 ⩀ 𝐵)𝑛 = 𝐴𝑛 ⩀ 𝐵𝑛 where 𝑛 ∈ 𝑁, the set of nonnegative integers. 

 

Definition 2.7 Gerish and Sumil [2] (power mset):  

 

Let 𝑀 ∈ 𝑀(𝑋) be an mset. The power mset 𝑃(𝑀) of 𝑀 is the mset of all submsets of 𝑀.  

For example given that 𝑀 = [𝑥, 𝑥, 𝑦], we  

 

have 𝑃(𝑀) = [∅, {𝑥}, {𝑥}, {𝑦}, [𝑥, 𝑥], {𝑥, 𝑦}, {𝑥, 𝑦}, [𝑥, 𝑥, 𝑦]] 

 

The power set of an mset is the support set of the power mset and is denoted by 𝑃∗(𝑀). 

 

Clearly, we have 𝑃∗(𝑀) = [∅, {𝑥}, {𝑦}, [𝑥, 𝑥], {𝑥, 𝑦}, [𝑥, 𝑥, 𝑦]] and 𝑃∗(𝑀) ≠ 𝑃(𝑀∗). 

 

Definition 2.8 Gerish and Sumil [2] (M-topological space): Let 𝑀 ∈ 𝑀(𝑋) and 𝜏 ⊆ 𝑃∗(𝑀). Then 𝜏 is called an 

mset topology on 𝑀 if 𝜏 satisfies the following properties: 

 

1. The mset 𝑀 and the empty mset 𝜙 are in 𝜏.  

2. The mset union of the elements of any members of 𝜏 is in 𝜏. 

3. The mset intersection of the elements of any finite subcollection of 𝜏 is in 𝜏. 
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The ordered pair (𝑀, 𝜏) is called M-topological space. Each element in 𝜏 is called open mset. 

 
For example, let 𝑋 be a non empty set and ∅ ≠ 𝑀 ∈ 𝑀(𝑋). Then (𝑀, 𝜏) is an  

 
M-topological space where 𝜏 = 𝑃∗(𝑀). We denote the class of M-topological spaces by 𝑀𝑇𝑂𝑃 

 
Definition 2.9 Grish and Sumil [9] (Submulti space of an M-topology space): Let (𝑀, 𝜏) be an 

 
M-topological space such that 𝑀 ∈ 𝑀(𝑋) and 𝑁 ⪽ 𝑀. Then the ordered pair (𝑁, 𝜏𝑁) such that  

 
 𝜏𝑁 = {𝑈 ∈ 𝑀(𝑋): 𝑈 = 𝑁 ⩀ 𝑉, 𝑉 ∈ 𝜏} is called submspace of the M- topological space (𝑀, 𝜏).  

 
Definition 2.10 Sobhy et al. [12] (Hausdorff M-topological Space): Let (𝑀, 𝜏) be an M-topological space where 

𝑀 ∈ 𝑀(𝑋). If for every two simple msets {𝑘1 𝑥1⁄ }, {𝑘2 𝑥2⁄ } ⪽ 𝑀 such that 𝑥1 ≠ 𝑥2, then there exist 𝐺, 𝐻 ∈ 𝜏 

such that {𝑘1 𝑥1⁄ } ⪽ 𝐺, {𝑘2 𝑥2⁄ } ⪽ 𝐻  and 𝐺 ⩀ 𝐻 ≑ 𝜙 . Then (𝑀, 𝜏)  is said to be a Hausdorff M- topological 

space.We denote the class of Hausdorff M-topological spaces by 𝐻𝑀𝑇𝑂𝑃 

 
Definition 2.11 Nelson [19] (𝑀-Bitopological Space): An 𝑀-bitopological space is a triple (𝑀, 𝜏1, 𝜏2) where 

𝑀 ∈ 𝑀(𝑋)  and 𝜏1, 𝜏2  are arbitrary M-topologies on 𝑀 . We denote the class of M-bitopological spaces by 

𝑀𝐵𝑇𝑂𝑃 

 
Definition 2,12: Let (𝑀, 𝜏1, 𝜏2) be 𝑀-Bitopological Space where 𝑀 ∈ 𝑀(𝑋) and 𝑁 ⪽ 𝑀 . Then (𝑁, 𝜏1𝑁 , 𝜏2𝑁) 

where 𝜏1𝑁 = {𝐴 = 𝑈 ⩀ 𝑁, 𝑈 ∈ 𝜏1} 𝑎𝑛𝑑 𝜏2𝑁 = {𝐵 = 𝑉 ⩀ 𝑁, 𝑉 ∈ 𝜏2}  is called a submspace of the 𝑀 -

Bitopological Space. 

 

3 Some Results 
 
Proposition 3.1: Let (𝑀, 𝜏) ∈ 𝑀𝑇𝑂𝑃 and 𝑁, 𝑀 ∈ 𝑀(𝑋)such that 𝑁 ⪽ 𝑀. Then the submspace (𝑁, 𝜏𝑁) ∈ 𝑀𝑇𝑂𝑃. 

 
Proof: 

 
Let (𝑀, 𝜏) ∈ 𝑀𝑇𝑂𝑃 and 𝑁, 𝑀 ∈ 𝑀(𝑋) such that 𝑁 ⪽ 𝑀 

 
Then we show that (𝑁, 𝜏𝑁) ∈ 𝑀𝑇𝑂𝑃.  

 
Since by definition, we have 𝜏𝑁 = {𝑈: 𝑈 = 𝑁 ⩀ 𝑉, 𝑉 ∈ 𝜏}  

 
But 𝜙 = 𝑁 ⩀ 𝜙 (since 𝜙 is an open set in (𝑀, 𝜏)) then 𝜙 is also open in (𝑁, 𝜏𝑁).  

 
Also, 𝑁 = 𝑁 ⩀ 𝑀 and 𝑀 is open in (𝑀, 𝜏), then 𝑁 is also open in (𝑁, 𝜏𝑁). Thus 𝜙, 𝑁 ∈ 𝜏𝑁. 

 
Let {𝐴𝛼}𝛼∈𝐼 be a collection of open sets in 𝜏𝑁, for each 𝛼 ∈ 𝐼 there exist open set 𝛽𝛼 ∈ 𝜏 such that 𝐴𝛼 = 𝑁 ⩀ 𝛽𝛼. 

This implies ⊎𝛼∈𝐼 𝐴𝛼 =⊎𝛼∈𝐼 (𝑁 ⩀ 𝛽𝛼) = 𝑁 ⩀ (⊎𝛼∈𝐼 (𝛽𝛼)) ∈ 𝜏𝑁  

 
(since ⊎𝛼∈𝐼 (𝛽𝛼) ∈ 𝜏). Therefore, the arbitrary union ⋃𝛼∈𝐼𝐴𝛼 is open in 𝜏𝑁.  

 
Furthermore, supposed 𝐴1, … , 𝐴𝑛  are open msets in 𝜏𝑁 . Then there exist 𝛽1, … , 𝛽𝑛 ∈ 𝜏 such that 𝐴𝑖 = 𝑁 ⩀ 𝛽𝑖 . 

This imples ⩀𝑖≑1
𝑛 𝐴𝑖 =⩀𝑖≑1

𝑛 (𝑁 ⩀ 𝛽𝑖) = 𝑁 ⩀ (⩀𝑖≑1
𝑛 𝛽𝑖) ∈ 𝜏𝑁 (since ⩀𝑖≑1

𝑛 𝛽𝑖 ∈ 𝜏) 

 
Therefore, ⩀𝑖≑1

𝑛 𝐴𝑖 is open in 𝜏𝑁. Hence, (𝑁, 𝜏𝑁) is M-topological space.  

 
In particular, (𝑁, 𝜏𝑁) ∈ 𝑀𝑇𝑂𝑃 
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Definition 3.2 (Union): Let (𝑀, 𝜏1), (𝑁, 𝜏2) ∈ 𝑀𝑇𝑂𝑃 where 𝑀, 𝑁 ∈ 𝑀(𝑋).  

The union of these M-topological spaces denoted (𝑀, 𝜏) ⊔ (𝑁, 𝜏2) is given by: 

 
(𝑀, 𝜏) ⊔ (𝑁, 𝜏2) = (𝑀 ⊎ 𝑁, 𝜏1 ⋓ 𝜏2) where 𝜏1 ⋓ 𝜏2 = {𝑈 ⊎ 𝑉|𝑈 ∈  𝜏1, 𝑉 ∈  𝜏2} 

 

Definition3.3(Intersection): Let (𝑀, 𝜏1), (𝑁, 𝜏2) ∈ 𝑀𝑇𝑂𝑃 where 𝑀, 𝑁 ∈ 𝑀(𝑋).  

 

The intersection of these M-topological spaces denoted (𝑀, 𝜏) ⊓ (𝑁, 𝜏2) is given by: 

 
(𝑀, 𝜏) ⊓ (𝑁, 𝜏2) = (𝑀 ⩀ 𝑁, 𝜏1 ⋒ 𝜏2) where 𝜏1 ⋒ 𝜏2 = {𝑈 ⩀ 𝑉|𝑈 ∈  𝜏1, 𝑉 ∈  𝜏2} 

 

Definition3.4 (arithmetic multiplication): Let (𝑀, 𝜏1), (𝑁, 𝜏2) ∈ 𝑀𝑇𝑂𝑃 where 𝑀, 𝑁 ∈ 𝑀(𝑋) 

 

The arithmetic multiplication of these M-topological spaces denoted (𝑀, 𝜏) ⨀̃ (𝑁, 𝜏2)  is given by: 

(𝑀, 𝜏) ⨀̃ (𝑁, 𝜏2) = (𝑀 ⊙ 𝑁, 𝜏1⨀𝜏2) where 𝜏1⨀𝜏2 = {𝑈 ⊙ 𝑉|𝑈 ∈  𝜏1, 𝑉 ∈  𝜏2} 

 

Definition3.5 (mset multiplication): Let (𝑀, 𝜏) ∈ 𝑀𝑇𝑂𝑃 where 𝑀, 𝑁 ∈ 𝑀(𝑋) 

 

The mset multiplication 𝑁 ⊙ (𝑀, 𝜏) is defined by 𝑁 ⊙ (𝑀, 𝜏) = (𝑁 ⊙ 𝑀, 𝑁 ⊙ 𝜏) 

 

where 𝑁 ⊙ 𝜏 = {𝑁 ⊙ 𝑈|𝑈 ∈ 𝜏} 

 

Definition 3.6: Let (𝑀, 𝜏) ∈ 𝑀𝑇𝑂𝑃 where 𝑀 ∈ 𝑀(𝑋). The scalar multiplication 

  

 𝑘(𝑀, 𝜏) is defined by 𝑘(𝑀, 𝜏) = (𝑘𝑀, 𝑘𝜏) where 𝑘𝜏 = {𝑘𝑈|𝑈 ∈ 𝜏} and 𝑘 ∈ {1,2, … }. 

 

Definition 3.7: Let (𝑀, 𝜏) ∈ 𝑀𝑇𝑂𝑃 where 𝑀 ∈ 𝑀(𝑋). Raising (𝑀, 𝜏) to arithmetic 

 

power 𝑛 denoted (𝑀, 𝜏)𝑛 is defined by (𝑀, 𝜏)𝑛 = (𝑀𝑛, 𝜏𝑛)  

 

where 𝜏𝑛 = {𝑈𝑛|𝑈 ∈ 𝜏}, 𝑛 ∈ {1,2, … }. 

 

Proposition 3.8: Let 𝑀, 𝑁 ∈ 𝑀(𝑋). Then 

 

i. (𝑀, 𝜏1) ∧ (𝑁, 𝜏2) ∈ 𝑀𝑇𝑂𝑃 ⟹ (𝑀, 𝜏1) ⊔ (𝑁, 𝜏2) ∈ 𝑀𝑇𝑂𝑃  

ii. (𝑀, 𝜏1) ∧ (𝑁, 𝜏2) ∈ 𝑀𝑇𝑂𝑃 ⟹ (𝑀, 𝜏1) ⊓ (𝑁, 𝜏2) ∈ 𝑀𝑇𝑂𝑃 

iii. (𝑀, 𝜏) ∈ 𝑀𝑇𝑂𝑃 ⟹ 𝑁 ⊙ (𝑀, 𝜏) ∈ 𝑀𝑇𝑂𝑃  

iv. (𝑀, 𝜏) ∈ 𝑀𝑇𝑂𝑃 ⟹ (𝑀, 𝜏)𝑛 ∈ 𝑀𝑇𝑂𝑃 

v. (𝑀, 𝜏) ∈ 𝑀𝑇𝑂𝑃 ⟹ 𝑘(𝑀, 𝜏) ∈ 𝑀𝑇𝑂𝑃 

 

Proof: 

 

i. Now (𝑀, 𝜏1) ⊔ (𝑁, 𝜏2) = (𝑀 ⊎ 𝑁, 𝜏1 ⋓ 𝜏2) where 𝜏1 ⋓ 𝜏2 = {𝑈 ⊎ 𝑉|𝑈 ∈  𝜏1, 𝑉 ∈  𝜏2} 

 

Note that 𝑈 ⪽ 𝑀 ∧  𝑉 ⪽ 𝑁 ⟹ 𝑈 ⊎ 𝑉 ⪽ 𝑀 ⊎ 𝑁. 

 

Since ∅, 𝑀 ∈ 𝜏1 and ∅, 𝑁 ∈ 𝜏2, we have ∅ ⊎ ∅ = ∅, 𝑀 ⊎ 𝑁 ∈ 𝜏1 ⋓ 𝜏2         (1) 

 

Let {𝑈𝛼 ⊎ 𝑉𝛽}
𝛼,𝛽∈𝐼

 be a collection of open sets in 𝜏1 ⋓ 𝜏2, for each 𝛼, 𝛽 ∈ 𝐼 

 

Now ⊎ {𝑈𝛼 ⊎ 𝑉𝛽} = (⊎ 𝑈𝛼) ⊎ (⊎ 𝑉𝛽). 

 

Since ⊎ 𝑈𝛼 ∈ 𝜏1 and ⊎ 𝑉𝛽 ∈ 𝜏2 (by hypothesis) 

 

We have (⊎ 𝑈𝛼) ⊎ (⊎ 𝑉𝛽) ∈ 𝜏1 ⋓ 𝜏2(by definition) 
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In particular, ⊎ {𝑈𝛼 ⊎ 𝑉𝛽} ∈ 𝜏1 ⋓ 𝜏2            (2) 

 
Let {𝑈1 ⊎ 𝑉1, 𝑈2 ⊎ 𝑉2, … , 𝑈𝑛 ⊎ 𝑉𝑛} be any finite collections in 𝜏1 ⋓ 𝜏2 

 
We have ⩀𝑖=1

𝑛 (𝑈𝑖 ⊎ 𝑉𝑖) = (⩀𝑖=1
𝑛 𝑈𝑖) ⊎ (⩀𝑖=1

𝑛 𝑉𝑖). 

 
Since ⩀𝑖=1

𝑛 𝑈𝑖 ∈ 𝜏1 and ⩀𝑖=1
𝑛 𝑉𝑖 ∈ 𝜏2(by hypothesis), then we have 

 
 ⩀𝑖=1

𝑛 (𝑈𝑖 ⊎ 𝑉𝑖) = (⩀𝑖=1
𝑛 𝑈𝑖) ⊎ (⩀𝑖=1

𝑛 𝑉𝑖) ∈ 𝜏1 ⋓ 𝜏2          (3) 

 
It’s clear that (𝑀, 𝜏1) ⊔ (𝑁, 𝜏2) ∈ 𝑀𝑇𝑂𝑃 (from 1-3) 

 
ii.  Now,(𝑀, 𝜏) ⊓ (𝑁, 𝜏2) = (𝑀 ⩀ 𝑁, 𝜏1 ⋒ 𝜏2) where 𝜏1 ⋒ 𝜏2 = {𝑈 ⩀ 𝑉|𝑈 ∈  𝜏1, 𝑉 ∈  𝜏2} 

 
Note that 𝑈 ⪽ 𝑀 ∧  𝑉 ⪽ 𝑁 ⟹ 𝑈 ⩀ 𝑉 ⪽ 𝑀 ⩀ 𝑁 

 
Since ∅, 𝑀 ∈ 𝜏1 and ∅, 𝑁 ∈ 𝜏2, we have ∅ ⩀ ∅ = ∅, 𝑀 ⩀ 𝑁 ∈ 𝜏1 ⋒ 𝜏2         (4) 

 

 Let {𝑈𝛼 ⩀ 𝑉𝛽}
𝛼,𝛽∈𝐼

 be a collection of open msets in 𝜏1 ⋒ 𝜏2, for each 𝛼, 𝛽 ∈ 𝐼 

 

Now ⩀ {𝑈𝛼 ⩀ 𝑉𝛽} = (⩀ 𝑈𝛼) ⩀ (⩀ 𝑉𝛽). 

 

Since ⩀ 𝑈𝛼 ∈ 𝜏1 and ⩀ 𝑉𝛽 ∈ 𝜏2 (by hypothesis), We have (⩀ 𝑈𝛼) ⩀ (⩀ 𝑉𝛽) ∈ 𝜏1 ⋒ 𝜏2 

 

(by definition). In particular, ⩀ {𝑈𝛼 ⩀ 𝑉𝛽} ∈ 𝜏1 ⋒ 𝜏2           (5) 

 
Let {𝑈1 ⩀ 𝑉1, 𝑈2 ⩀ 𝑉2, … , 𝑈𝑛 ⩀ 𝑉𝑛} be any finite collections in 𝜏1 ⋒ 𝜏2 

 
We have ⊎𝑖=1

𝑛 (𝑈𝑖 ⩀ 𝑉𝑖) = (⊎𝑖=1
𝑛 𝑈𝑖)  ⩀ (⊎𝑖=1

𝑛 𝑉𝑖). 

 
Since ⊎𝑖=1

𝑛 𝑈𝑖 ∈ 𝜏1 and ⊎𝑖=1
𝑛 𝑉𝑖 ∈ 𝜏2(by hypothesis), then we have 

 
 ⊎𝑖=1

𝑛 (𝑈𝑖 ⩀ 𝑉𝑖) = (⊎𝑖=1
𝑛 𝑈𝑖)  ⩀ (⊎𝑖=1

𝑛 𝑉𝑖) ∈ 𝜏1 ⋒ 𝜏2          (6) 

 
It’s clear that (𝑀, 𝜏1) ⊓ (𝑁, 𝜏2) ∈ 𝑀𝑇𝑂𝑃 (from 4-6)  

 
iii. Now 𝑁 ⊙ (𝑀, 𝜏) = (𝑁 ⊙ 𝑀, 𝑁 ⊙ 𝜏) where 𝑁 ⊙ 𝜏 = {𝑁 ⊙ 𝑈|𝑈 ∈ 𝜏}(by definition) 

 
Note that 𝑈 ⊆ 𝑀 ⟹ 𝑁 ⊙ 𝑈 ⊆ 𝑁 ⊙ 𝑀. 

 
Since ∅, 𝑀 ∈ 𝜏, we have 𝑁 ⊙ ∅ = ∅ ∈ 𝑁 ⊙ 𝜏 and 𝑁 ⊙ 𝑀 ∈ 𝑁 ⊙ 𝜏         (7) 

  
Let {𝐴𝛼}𝛼∈𝐼 be a collection of open sets in 𝑁 ⊙ 𝜏, for each 𝛼 ∈ 𝐼 there exist open set 𝛽𝛼 ∈ 𝜏 such that 𝐴𝛼 ≑ 𝑁 ⊙

𝛽𝛼. This implies: 

 
⊎𝛼∈𝐼 𝐴𝛼 ≑ ⊎𝛼∈𝐼 (𝑁 ⊙ 𝛽𝛼) ≑ 𝑁 ⊙ (⊎𝛼∈𝐼 (𝛽𝛼)) ∈ 𝑁 ⊙ 𝜏          (8) 

 
(since ⊎𝛼∈𝐼 (𝛽𝛼) ∈ 𝜏 by hypothesis) 

 
Therefore, the arbitrary union ⋃𝛼∈𝐼𝐴𝛼 is open in 𝑁 ⊙ 𝜏. 
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Furthermore, Supposed 𝐴1, … , 𝐴𝑛 are open msets in 𝑁 ⊙ 𝜏 

 

Then there exist 𝛽1, … , 𝛽𝑛 ∈ 𝜏 such that 𝐴𝑖 ≑ 𝑁 ⊙ 𝛽𝑖. This imples  

 

⩀𝑖≑1
𝑛 𝐴𝑖 ≑⩀𝑖≑1

𝑛 (𝑁 ⊙ 𝛽𝑖)  ≑ 𝑁 ⊙ (⩀𝑖≑1
𝑛 𝛽𝑖) ∈ 𝑁 ⊙ 𝜏 (since ⩀𝑖≑1

𝑛 𝛽𝑖 ∈ 𝜏) by hypothesis) 

 

Therefore, ⩀𝑖≑1
𝑛 𝐴𝑖 ∈ 𝑁 ⊙ 𝜏             (9) 

 

Hence, 𝑁 ⊙ (𝑀, 𝜏) ∈ 𝑀𝑇𝑂𝑃 (from (7-9) 

 

iv. Now (𝑀, 𝜏)𝑛 = (𝑀𝑛, 𝜏𝑛) where 𝜏𝑛 = {𝑈𝑛|𝑈 ∈ 𝜏}, 𝑛 ∈ {0,1,2, … } (by definition)  

 

Thus, for 𝑛 = 0, we have (𝑀, 𝜏)0 ∈ 𝑀𝑇𝑂𝑃 ([10]) 

 

Note that 𝑈 ⪽ 𝑀 ⟹ 𝑈𝑛 ⪽ 𝑀𝑛 

 

For 𝑛 > 0 we have 𝜙 = 𝜙𝑛, 𝑀𝑛 ∈ 𝜏𝑛 (Since 𝜙, 𝑀 ∈ 𝜏 (by hypothesis))       (10) 

 

Let {𝑈𝛼
𝑛}𝛼∈𝐼 be a collection of msets in 𝜏𝑛 

 

Now ⨄𝑈𝛼
𝑛 ≑ (⨄𝑈𝛼)𝑛 ([9]). But ⨄𝑈𝛼 ∈ 𝜏(by hypothesis) 

  

Thus (⨄𝑈𝛼)𝑛 ∈ 𝜏𝑛 .In particular, ⨄𝑈𝛼
𝑛 ∈ 𝜏𝑛         (11) 

 

supposed {𝑈1
𝑛 , 𝑈2

𝑛 … , 𝑈𝑟
𝑛} be a finite collection of msets in 𝜏𝑛 such that 𝑈𝑖 ∈ 𝜏  

 

Now ⩀𝑖≑1
𝑟 𝑈𝑖

𝑛 ≑ (⩀𝑖≑1
𝑟 𝑈𝑖)

𝑛 ([9]). But ⩀𝑖≑1
𝑟 𝑈𝑖 ∈ 𝜏 (by hypothesis).  

 

Thus, (⩀𝑖≑1
𝑟 𝑈𝑖)𝑛 ∈ 𝜏𝑛.  

 

In particular, ⩀𝑖≑1
𝑟 𝑈𝑖

𝑛 ∈ 𝜏𝑛           (12) 

 

Hence, (𝑀, 𝜏)𝑛 ∈ 𝑀𝑇𝑂𝑃 (from (10-12) above) 

 

v. Note that 𝑈 ⪽ 𝑀 ⟹ 𝑘𝑈 ⪽ 𝑘𝑀 

 

Now 𝑘(𝑀, 𝜏) = (𝑘𝑀, 𝑘𝜏) where 𝑘𝜏 = {𝑘𝑈|𝑈 ∈ 𝜏} and 𝑘 ∈ {1,2, … }(by definition) 

 

Since (𝑀, 𝜏) ∈ 𝑀𝑇𝑂𝑃 then 𝜙, 𝑀 ∈ 𝜏 and 𝑘𝜙 = 𝜙, 𝑘𝑀 ∈ 𝑘𝜏 (by hypothesis)      (13) 

 

Let {𝑘𝐴𝛼}𝛼∈𝐼 be a collection of msets for each 𝛼 ∈ 𝐼 and 𝐴𝛼 ∈ 𝜏  

 

Now ⨄𝑘𝐴𝛼 = 𝑘⨄𝐴𝛼 . 

 

But ⨄𝐴𝛼 ∈ 𝜏 (by hypothesis) 

 

Thus, 𝑘⨄𝐴𝛼 ∈ 𝑘𝜏  

 

In particular, ⨄𝑘𝐴𝛼 ∈ 𝑘𝜏            (14) 

 

Let {𝑘𝐴1, 𝑘𝐴2, … , 𝑘𝐴𝑛} be a finite collection of msets in 𝑘𝜏 such that 𝐴𝑖 ∈ 𝜏 .  

 

Now ⩀𝑖≑1
𝑛 𝑘𝐴𝑖 = 𝑘(⩀𝑖≑1

𝑛 𝐴𝑖)  

 

But ⩀𝑖≑1
𝑛 𝐴𝑖 ∈ 𝜏 (by hypothesis)  
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Thus, 𝑘(⩀𝑖≑1
𝑛 𝐴𝑖) ∈ 𝑘𝜏  

 

 Thus, ⩀𝑖≑1
𝑛 𝑘𝐴𝑖 ∈ 𝑘𝜏            (15) 

 

 In particular, 𝑘(𝑀, 𝜏) ∈ 𝑀𝑇𝑂𝑃(fron (13-15) above) 

 

Proposition 3.9: Let (𝑀, 𝜏) ∈ 𝐻𝑀𝑇𝑂𝑃  and 𝑁, 𝑀 ∈ 𝑀(𝑋) such that 𝑁 ⪽ 𝑀 . Then the submspace (𝑁, 𝜏𝑁) ∈

𝐻𝑀𝑇𝑂𝑃 

 

Proof: 

 

 Clearly, (𝑁, 𝜏𝑁) ∈ 𝑀𝑇𝑂𝑃 (by proposition 3.1) 

 

Let {𝑘1 𝑥⁄ } and {𝑘2 𝑦⁄ } be two simple msets such that {𝑘1 𝑥⁄ }, {𝑘2 𝑦⁄ } ⪽ 𝑁 and 𝑥 ≠ 𝑦 

 

Thus, {𝑘1 𝑥⁄ }, {𝑘2 𝑦⁄ } ⪽ 𝑀 (since 𝑁 ⪽ 𝑀) 

 

We have 𝑈, 𝑉 ∈ 𝜏 such that 

 

 {𝑘1 𝑥⁄ } ⪽ 𝑈, {𝑘2 𝑦⁄ } ⪽ 𝑉and 𝑈 ⩀ 𝑉 = 𝜙 (by hypothesis and definition) 

 

Thus, we have 𝐴, 𝐵 ∈ 𝜏𝑁 such that 𝐴 = 𝑁 ⩀ 𝑈 and 𝐵 = 𝑁 ⩀ 𝑉  

 

But 𝐴 ⩀ 𝐵 = (𝑁 ⩀ 𝑈) ⩀ (𝑁 ⩀ 𝑉) = 𝑁 ⩀ (𝑈 ⩀ 𝑉) = 𝑁 ⩀ ∅ = ∅  

 

Since {𝑘1 𝑥⁄ }, {𝑘2 𝑦⁄ } ⪽ 𝑁  and {𝑘1 𝑥⁄ } ⪽ 𝑈 , {𝑘2 𝑦⁄ } ⪽ 𝑉 , we have {𝑘1 𝑥⁄ } ⪽ 𝑁 ⩀ 𝑈 = 𝐴  and {𝑘2 𝑦⁄ } ⪽ 𝑁 ⩀

𝑉 = 𝐵 such that 𝐴 ⩀ 𝐵 = ∅ 

 

So that (𝑁, 𝜏𝑁) ∈ 𝐻𝑀𝑇𝑂𝑃 

 

Proposition 3.10: Let (𝑀, 𝜏) ∈ 𝐻𝑀𝑇𝑂𝑃 where 𝑀 ∈ 𝑀(𝑋). Then  

 

i. (𝑀, 𝜏)𝑛 ∈ 𝐻𝑀𝑇𝑂𝑃 

ii. 𝑘(𝑀, 𝜏) ∈ 𝐻𝑀𝑇𝑂𝑃 

 

Proof: 

 

i. Given that (𝑀, 𝜏) ∈ 𝐻𝑀𝑇𝑂𝑃. It’s clear that (𝑀, 𝜏) ∈ 𝑀𝑇𝑂𝑃 (by definition) 

 

Thus, (𝑀, 𝜏)𝑛 = (𝑀𝑛, 𝜏𝑛) ∈ 𝑀𝑇𝑂𝑃 (by proposition 3.8) 

 

Let {𝑘1
𝑛 𝑥⁄ } and {𝑘2

𝑛 𝑦⁄ } be two simple msets such that {𝑘1
𝑛 𝑥⁄ }, {𝑘2

𝑛 𝑦⁄ } ⪽ 𝑀𝑛  and 𝑥 ≠ 𝑦 where 𝑘1, 𝑘2 > 0 and 

{𝑘1 𝑥⁄ }, {𝑘2 𝑦⁄ } ⪽ 𝑀. 

 

 Thus we have 𝑈, 𝑉 ∈ 𝜏 such that 

 

 {𝑘1 𝑥⁄ } ⪽ 𝑈, {𝑘2 𝑦⁄ } ⪽ 𝑉 and 𝑈 ∩ 𝑉 = ∅ (by hypothesis and definition)     (16) 

 

 But But {𝑘1 𝑥⁄ } ⪽ 𝑈 ⟹ {𝑘1
𝑛 𝑥⁄ } ⪽ 𝑈𝑛,          (17) 

 

 {𝑘2 𝑦⁄ } ⪽ 𝑉 ⟹ {𝑘2
𝑛 𝑦⁄ } ⪽ 𝑉𝑛                                                                                                              (18)  

 

and  

 

 𝑈𝑛 ⩀ 𝑉𝑛 = (𝑈 ⩀ 𝑉)𝑛 = ∅𝑛 = ∅ ([9])         (19) 
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 Since 𝑈, 𝑉 ∈ 𝜏, we have 𝑈𝑛, 𝑉𝑛 ∈ 𝜏𝑛 (by definition)  

 

 In particular (𝑀𝑛, 𝜏𝑛) ∈ 𝐻𝑀𝑇𝑂𝑃 (from (16-19) 

 

ii. Given that (𝑀, 𝜏) ∈ 𝐻𝑀𝑇𝑂𝑃. It’s clear that (𝑀, 𝜏) ∈ 𝑀𝑇𝑂𝑃 (by definition) 

 

Thus, 𝑘(𝑀, 𝜏) = (𝑘𝑀, 𝑘𝜏) ∈ 𝑀𝑇𝑂𝑃 (by proposition 3.8) 

 

 Let {𝑘𝑘1 𝑥⁄ }  and {𝑘𝑘2 𝑦⁄ }  be two simple msets such that {𝑘𝑘1 𝑥⁄ }, {𝑘𝑘2 𝑦⁄ } ⪽ 𝑘𝑀  and 𝑥 ≠ 𝑦 where 

{𝑘1 𝑥⁄ }, {𝑘2 𝑦⁄ } ⪽ 𝑀.  

 

Thus we have 𝑈, 𝑉 ∈ 𝜏 such that {𝑘1 𝑥⁄ } ⪽ 𝑈, {𝑘2 𝑦⁄ } ⪽ 𝑉 and 𝑈 ∩ 𝑉 = ∅  ( definition),    (20) 

 

 But {𝑘1 𝑥⁄ } ⪽ 𝑈 ⟹ {𝑘𝑘1 𝑥⁄ } ⪽ 𝑘𝑈,         (21) 

 

 {𝑘2 𝑦⁄ } ⪽ 𝑉 ⟹ {𝑘𝑘2 𝑦⁄ } ⪽ 𝑘𝑉          (22) 

 

 𝑘𝑈 ⩀ 𝑘𝑉 ≑ 𝑘(𝑈 ⩀ 𝑉) = 𝑘∅ = ∅([9])         (23) 

 

 Since 𝑈, 𝑉 ∈ 𝜏, we have 𝑘𝑈, 𝑘𝑉 ∈ 𝑘𝜏(by definition) 

 

 In particular (𝑘𝑀, 𝑘𝜏) is Hausdorff (from 20-23) 

 

Thus, 𝑘(𝑀, 𝜏) ∈ 𝐻𝑀𝑇𝑂𝑃 

 

Proposition 3.11: Let (𝑀, 𝜏1, 𝜏2) ∈ 𝑀𝐵𝑇𝑂𝑃  where 𝑀, 𝑁 ∈ 𝑀(𝑋)  such that 𝑁 ⪽ 𝑀 . Then (𝑁, 𝜏1𝑁 , 𝜏2𝑁) ∈
𝑀𝐵𝑇𝑂𝑃.  

 

Proof: 

 

Since 𝜏1𝑁 = {𝐴 = 𝑈 ⩀ 𝑁, 𝑈 ∈ 𝜏1}, 𝜏2𝑁 = {𝐵 = 𝑉 ⩀ 𝑁, 𝑉 ∈ 𝜏2} (by definition) 

 

It’s clear that (𝑁, 𝜏1𝑁), (𝑁, 𝜏2𝑁) ∈ 𝑀𝑇𝑂𝑃 (Proposition 3.1) 

 

In particular, (𝑁, 𝜏1𝑁 , 𝜏2𝑁) ∈ 𝑀𝐵𝑇𝑂𝑃 (by definition) 

 

Definition 3.12: Let (𝑀, 𝜏1, 𝜏2), (𝑀1, 𝜏11, 𝜏12), (𝑀2, 𝜏21, 𝜏22) ∈ 𝑀𝐵𝑇𝑂𝑃  

 

where 𝑀1, 𝑀2, 𝑀, 𝑁 ∈ 𝑀(𝑋). We define union(⊔), intersection(⊓), mset multiplication and raising to arithmetic 

power as follows respectively: 

 

(𝑀1, 𝜏11, 𝜏12) ⊔ (𝑀2, 𝜏21, 𝜏22) = ((⊎𝑗=1
2 𝑀𝑗), 𝜏1𝑖 ⋓  𝜏2𝑖 , ) , 𝑖 = 1,2 where  

 

𝜏1𝑖 ⋓ 𝜏2𝑖 = {𝑈1𝑖 ⊎ 𝑉2𝑖|𝑈1𝑖 ∈ 𝜏1𝑖 , 𝑉2𝑖 ∈ 𝜏2𝑖},,  

 

(𝑀1, 𝜏11, 𝜏12) ⊓ (𝑀2, 𝜏21, 𝜏22) = ((⩀𝑗=1
2 𝑀𝑗), 𝜏1𝑖 ⋒  𝜏2𝑖 , ) , 𝑖 = 1,2 where  

 

𝜏1𝑖 ⋒ 𝜏2𝑖 = {𝑈1𝑖 ⩀ 𝑉2𝑖|𝑈1𝑖 ∈ 𝜏1𝑖 , 𝑉2𝑖 ∈ 𝜏2𝑖}, 

 

𝑁 ⊙ (𝑀, 𝜏1, 𝜏2) = (𝑁 ⊙ 𝑀, 𝑁 ⊙ 𝜏1, 𝑁 ⊙ 𝜏2) where 𝑁 ⊙ 𝜏1 = {𝑁 ⊙ 𝑈|𝑈 ∈ 𝜏1} and  

 

𝑁 ⊙ 𝜏2 = {𝑁 ⊙ 𝑉|𝑉 ∈ 𝜏2}. 

 
(𝑀, 𝜏1, 𝜏2)𝑛 = (𝑀𝑛, 𝜏1

𝑛, 𝜏2
𝑛) where 𝜏1

𝑛 = {𝑈𝑛|𝑈 ∈ 𝜏1} and 𝜏2
𝑛 = {𝑉𝑛|𝑉 ∈ 𝜏2} 
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𝑘(𝑀, 𝜏1, 𝜏2) = (𝑘𝑀, 𝑘𝜏1, 𝑘𝜏2) where 𝑘𝜏1 = {𝑘𝑈|𝑈 ∈ 𝜏1} and 𝑘𝜏2 = {𝑘𝑉|𝑉 ∈ 𝜏2} 

 

Proposition 3.13: Let (𝑀, 𝜏1, 𝜏2), (𝑀1, 𝜏11, 𝜏12), (𝑀2, 𝜏21, 𝜏22) ∈ 𝑀𝐵𝑇𝑂𝑃  

 

where 𝑀1, 𝑀2, 𝑀, 𝑁 ∈ 𝑀(𝑋) . Then  

 

i. (𝑀1, 𝜏11, 𝜏12) ⊔ (𝑀2, 𝜏21, 𝜏22) ∈ 𝑀𝐵𝑇𝑂𝑃  

ii. (𝑀1, 𝜏11, 𝜏12) ⊓ (𝑀2, 𝜏21, 𝜏22) ∈ 𝑀𝐵𝑇𝑂𝑃 

iii. 𝑁 ⊙ (𝑀, 𝜏1, 𝜏2) ∈ 𝑀𝐵𝑇𝑂𝑃  

iv. (𝑀, 𝜏1, 𝜏2)𝑛 ∈ 𝑀𝐵𝑇𝑂𝑃 

v. 𝑘(𝑀, 𝜏1, 𝜏2) ∈ 𝑀𝐵𝑇𝑂𝑃  

vi. (𝑀, 𝜏1 ∩ 𝜏2) ∈ 𝑀𝑇𝑂𝑃 

 

Proof: 

 

i. (𝑀1, 𝜏11, 𝜏12) ⊔ (𝑀2, 𝜏21, 𝜏22) = ((⊎𝑗=1
2 𝑀𝑗), 𝜏1𝑖 ⋓  𝜏2𝑖 , ) , 𝑖 = 1,2 where  

 

𝜏1𝑖 ⋓ 𝜏2𝑖 = {𝑈1𝑖 ⊎ 𝑉2𝑖|𝑈1𝑖 ∈ 𝜏1𝑖 , 𝑉2𝑖 ∈ 𝜏2𝑖} (by definition) 

 

Now ((⊎𝑗=1
2 𝑀𝑗), 𝜏1𝑖 ⋓ 𝜏2𝑖 , ) ∈ 𝑀𝑇𝑂𝑃 ∀𝑖 (Proposition 3.8) 

 

In particular, (𝑀1, 𝜏11, 𝜏12) ⊔ (𝑀2, 𝜏21, 𝜏22) ∈ 𝑀𝐵𝑇𝑂𝑃(by definition) 

 

ii. (𝑀1, 𝜏11, 𝜏12) ⊓ (𝑀2, 𝜏21, 𝜏22) = ((⩀𝑗=1
2 𝑀𝑗), 𝜏1𝑖 ⋒ 𝜏2𝑖 , ) , 𝑖 = 1,2 where  

 

𝜏1𝑖 ⋒ 𝜏2𝑖 = {𝑈1𝑖 ⩀ 𝑉2𝑖|𝑈1𝑖 ∈ 𝜏1𝑖 , 𝑉2𝑖 ∈ 𝜏2𝑖}(by definition) 

 

Now ((⩀𝑗=1
2 𝑀𝑗), 𝜏1𝑖 ⋒  𝜏2𝑖 , ) ∈ 𝑀𝑇𝑂𝑃 ∀𝑖 (Proposition 3.8) 

 

In particular, (𝑀1, 𝜏11, 𝜏12) ⊓ (𝑀2, 𝜏21, 𝜏22) ∈ 𝑀𝐵𝑇𝑂𝑃(by definition)  

 

iii. 𝑁 ⊙ (𝑀, 𝜏1, 𝜏2) = (𝑁 ⊙ 𝑀, 𝑁 ⊙ 𝜏1, 𝑁 ⊙ 𝜏2) where 𝑁 ⊙ 𝜏1 = {𝑁 ⊙ 𝑈|𝑈 ∈ 𝜏1}  
 

and 𝑁 ⊙ 𝜏2 = {𝑁 ⊙ 𝑉|𝑉 ∈ 𝜏2}(by definition) 

 

Now (𝑁 ⊙ 𝑀, 𝑁 ⊙ 𝜏1), (𝑁 ⊙ 𝑀, 𝑁 ⊙ 𝜏2) ∈ 𝑀𝑇𝑂𝑃(Proposition 3.8) 

 

 In particular, (𝑁 ⊙ 𝑀, 𝑁 ⊙ 𝜏1, 𝑁 ⊙ 𝜏2) ∈ 𝑀𝐵𝑇𝑂𝑃(by definition) 

 

iv. (𝑀, 𝜏1, 𝜏2)𝑛 = (𝑀𝑛, 𝜏1
𝑛 , 𝜏2

𝑛) where 𝜏1
𝑛 = {𝑈𝑛|𝑈 ∈ 𝜏1} and 𝜏2

𝑛 = {𝑉𝑛|𝑉 ∈ 𝜏2}  

 

(by definition). Now, (𝑀𝑛, 𝜏1
𝑛), (𝑀𝑛 , 𝜏2

𝑛) ∈ 𝑀𝑇𝑂𝑃(Proposition 3.8) 

 

In particular, (𝑀, 𝜏1, 𝜏2)𝑛 = (𝑀𝑛, 𝜏1
𝑛, 𝜏2

𝑛) ∈ 𝑀𝐵𝑇𝑂𝑃(by definition) 

 

v. 𝑘(𝑀, 𝜏1, 𝜏2) = (𝑘𝑀, 𝑘𝜏1, 𝑘𝜏2) where 𝑘𝜏1 = {𝑘𝑈|𝑈 ∈ 𝜏1} and 𝑘𝜏2 = {𝑘𝑉|𝑉 ∈ 𝜏2} 

 

(by definition). Now (𝑘𝑀, 𝑘𝜏1), (𝑘𝑀, 𝑘𝜏2) ∈ 𝑀𝑇𝑂𝑃(Proposition 3.8) 

 

 In particular, 𝑘(𝑀, 𝜏1, 𝜏2) = (𝑘𝑀, 𝑘𝜏1, 𝑘𝜏2) ∈ 𝑀𝐵𝑇𝑂𝑃(by definition)  

 

vi. Given that (𝑀, 𝜏1, 𝜏2) ∈ 𝑀𝐵𝑇𝑂𝑃, we show that (𝑀, 𝜏1 ∩ 𝜏2) ∈ 𝑀𝑇𝑂𝑃  

 

Since 𝜏1 and 𝜏2 are two topologies defined on 𝑀. Then 𝜙, 𝑀 ∈ 𝜏1 and 𝜙, 𝑀 ∈ 𝜏2  
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(by definition). Thus, 𝜙, 𝑀 ∈ 𝜏1 ∩ 𝜏2          (24)  

 

Let {𝐴𝛼 ∈ 𝜏1 ∩ 𝜏2} be an arbitrary collection Then we show that  

 

⊎ 𝐴𝛼∈𝐼 ∈ 𝜏1 ∩ 𝜏2 . Now 𝐴𝛼 ∈ 𝜏1 ∩ 𝜏2 ⟹ 𝐴𝛼 ∈ 𝜏1 and 𝐴𝛼 ∈ 𝜏2 

 

But 𝐴𝛼 ∈ 𝜏1 ⟹⊎ 𝐴𝛼∈𝐼 ∈ 𝜏1and 𝐴𝛼 ∈ 𝜏2 ⟹⊎ 𝐴𝛼∈𝐼 ∈ 𝜏2 (by hypothesis and definition). 

 

Thus, 𝐴𝛼 ∈ 𝜏1 ∩ 𝜏2 ⟹⊎ 𝐴𝛼∈𝐼 ∈ 𝜏1 ∩ 𝜏2          (25) 

 

Let {𝐴1, 𝐴2, … , 𝐴𝑛} be a finite collections such that 𝐴𝑖 ∈ 𝜏1 ∩ 𝜏2  

 

Now 𝐴𝑖 ∈ 𝜏1 ∩ 𝜏2 ⟹ 𝐴𝑖 ∈ 𝜏1 and 𝐴𝑖 ∈ 𝜏2. But 𝐴𝑖 ∈ 𝜏1 ⟹⩀𝑖=1
𝑛 𝐴𝑖 ∈ 𝜏1 and  

 

𝐴𝑖 ∈ 𝜏2 ⟹⩀𝑖=1
𝑛 𝐴𝑖 ∈ 𝜏2 (by hypothesis and definition) 

 

In particular, 𝐴𝑖 ∈ 𝜏1 ∩ 𝜏2 ⟹⩀𝑖=1
𝑛 𝐴𝑖 ∈ 𝜏1 ∩ 𝜏2         (26) 

 

Thus (𝑀, 𝜏1 ∩ 𝜏2) ∈ 𝑀𝑇𝑂𝑃 (from 24-26 above) 

 

Definition 3.14: Let (𝑀, 𝜏1, 𝜏2) ∈ 𝑀𝐵𝑇𝑂𝑃. Then (𝑀, 𝜏1, 𝜏2)  

 

Is a Hausdorff M-bitopological space if and only if for any  

 

simple mset {𝑘1 𝑥⁄ }, {𝑘2 𝑦⁄ } ⪽ 𝑀 with 𝑥 ≠ 𝑦, there exist 𝑈 ∈ 𝜏1 and 𝑉 ∈ 𝜏2  

 

such that {𝑘1 𝑥⁄ } ⪽ 𝑈, {𝑘2 𝑦⁄ } ⪽ 𝑉 and 𝑈 ∩ 𝑉 = 𝜙,  
 

Example 3.15:  

 

Let 𝑀 = {3 𝑎⁄ , 4 𝑏⁄ , 2 𝑐⁄ , 1 𝑑⁄ } be an mset, 𝜏1 = {𝑋, 𝜙, {3 𝑎⁄ }, {2 𝑏⁄ }, {3 𝑎⁄ , 2 𝑏⁄ }} and 

 

𝜏2 = {𝑋, 𝜙, {2 𝑎⁄ }, {2 𝑐⁄ }, {2 𝑎⁄ , 2 𝑐⁄ }} be two 𝑀-topologies. Then, (𝑀, 𝜏1, 𝜏2) is Hausdorff mset bitopological 

space. We denote the class of Hausdorff mset bitopological space by 𝐻𝑀𝐵𝑇𝑂𝑃 

 

Proposition 3.16: Let (𝑀, 𝜏1, 𝜏2) ∈ 𝐻𝑀𝐵𝑇𝑂𝑃 and 𝑁 ∈ 𝑀(𝑋)  

 

such that 𝑁 ⪽ 𝑀. Then (𝑁, 𝜏1𝑁 , 𝜏2𝑁) ∈ 𝐻𝑀𝐵𝑇𝑂𝑃  

 

Proof: 

 

 Let (𝑀, 𝜏1, 𝜏2) ∈ 𝐻𝑀𝐵𝑇𝑂𝑃 and (𝑁, 𝜏1𝑁 , 𝜏2𝑁) be its submspace. The we show that (𝑁, 𝜏1𝑁 , 𝜏2𝑁) is Hausdorff M-

bitopological space. Clearly 

 

 (𝑁, 𝜏1𝑁 , 𝜏2𝑁) ∈ 𝑀𝐵𝑇𝑂𝑃 ∈ (by definition and proposition 3.11). 

 

Let {𝑘1 𝑥⁄ }, {𝑘2 𝑦⁄ } ⪽ 𝑁 such that 𝑥 ≠ 𝑦. Since 𝑁 ⪽ 𝑀, then {𝑘1 𝑥⁄ }, {𝑘2 𝑦⁄ } ⪽ 𝑀.  

 

Since (𝑀, 𝜏1, 𝜏2) ∈ 𝐻𝑀𝐵𝑇𝑂𝑃(by hypothesis), we have 𝐴 ∈ 𝜏1 and 𝐵 ∈ 𝜏2 such that 

 

 {𝑘1 𝑥⁄ } ⪽ 𝐴, {𝑘2 𝑦⁄ } ⪽ 𝐵 and 𝐴 ⩀ 𝐵 = 𝜙 

 

But 𝐴 ∈ 𝜏1 ⟹ 𝑁 ⩀ 𝐴 ∈ 𝜏1𝑁 and 𝐵 ∈ 𝜏2 ⟹ 𝑁 ⩀ 𝐵 ∈ 𝜏2𝑁. In particular, {𝑘1 𝑥⁄ } ⪽ 𝑁 ⩀ 𝐴 and 

 
{𝑘2 𝑦⁄ } ⪽  𝑁 ⩀ 𝐵. But (𝑁 ⩀ 𝐴) ⩀ (𝑁 ⩀ 𝐵) = 𝑁 ⩀ (𝐴 ⩀ 𝐵) = 𝑁 ⩀ ∅ = ∅  
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Hence, (𝑁, 𝜏1𝑁 , 𝜏2𝑁) ∈ 𝐻𝑀𝐵𝑇𝑂𝑃. 

 

Proposition 3.17: Let (𝑀, 𝜏1, 𝜏2) ∈ 𝐻𝑀𝐵𝑇𝑂𝑃. Then  

 

i. (𝑀, 𝜏1, 𝜏2)𝑛 ∈ 𝐻𝑀𝐵𝑇𝑂𝑃 for 𝑛 ∈ {1,2, … }  

ii. 𝑘(𝑀, 𝜏1, 𝜏2) ∈ 𝐻𝑀𝐵𝑇𝑂𝑃 for 𝑛 ∈ {1,2, … } 

 

Proof: 

 

i. Clearly, (𝑀, 𝜏1, 𝜏2) ∈ 𝐻𝑀𝐵𝑇𝑂𝑃 ⟹ (𝑀, 𝜏1, 𝜏2) ∈ 𝑀𝐵𝑇𝑂𝑃 (by definition) 

 

Thus, (𝑀, 𝜏1, 𝜏2)𝑛 ∈ 𝑀𝐵𝑇𝑂𝑃 (Proposition 3.13) 

 

We show that (𝑀, 𝜏1, 𝜏2)𝑛 is Hausdorff 

 

Now let {𝑘1
𝑛 𝑥⁄ }, {𝑘2

𝑛 𝑦⁄ } ⪽ 𝑀𝑛 such that {𝑘1 𝑥⁄ }, {𝑘2 𝑦⁄ } ⪽ 𝑀 and 𝑥 ≠ 𝑦 

 

Thus, we have 𝑈 ∈ 𝜏1 and 𝑉 ∈ 𝜏2 such that {𝑘1 𝑥⁄ } ⪽ 𝑈, {𝑘2 𝑦⁄ } ⪽ 𝑉 and 𝑈 ⩀ 𝑉 = ∅  

 

(by hypothesis and definition) 

 

But {𝑘1 𝑥⁄ } ⪽ 𝑈 ⟹ {𝑘1
𝑛 𝑥⁄ } ⪽ 𝑈𝑛 and {𝑘2 𝑦⁄ } ⪽ 𝑉 ⟹ {𝑘2

𝑛 𝑦⁄ } ⪽ 𝑉𝑛 

 

Note that 𝑈 ∈ 𝜏1 ⟹ 𝑈𝑛 ∈ 𝜏1
𝑛 and 𝑉 ∈ 𝜏2 ⟹ 𝑉𝑛 ∈ 𝜏2

𝑛(by definition) . 

 

Thus, 𝑈𝑛 ⩀ 𝑉𝑛 = (𝑈 ⩀ 𝑉)𝑛 = ∅𝑛 = ∅ and (𝑀, 𝜏1, 𝜏2)𝑛 = (𝑀𝑛 , 𝜏1
𝑛, 𝜏2

𝑛) is Hausdorff. 

 

In particular, (𝑀, 𝜏1, 𝜏2)𝑛 ∈ 𝐻𝑀𝐵𝑇𝑂𝑃.  

 

ii.  Clearly, 𝑘(𝑀, 𝜏1, 𝜏2) ∈ 𝐻𝑀𝐵𝑇𝑂𝑃 ⟹ 𝑘(𝑀, 𝜏1, 𝜏2) ∈ 𝑀𝐵𝑇𝑂𝑃 (by definition) 

 

Thus, 𝑘(𝑀, 𝜏1, 𝜏2) ∈ 𝑀𝐵𝑇𝑂𝑃(Proposition 3.13) 

 

We show that 𝑘(𝑀, 𝜏1, 𝜏2) is Hausdorf. Since 𝑘(𝑀, 𝜏1, 𝜏2) = (𝑘𝑀, 𝑘𝜏1, 𝑘𝜏2) where  

 

𝑘𝜏1 = {𝑘𝑈|𝑈 ∈ 𝜏1} and 𝑘𝜏2 = {𝑘𝑉|𝑉 ∈ 𝜏2}, 𝑘 ∈ {1,2, … } (by definition), 

 

Let {𝑘 𝑘1 𝑥⁄ }, {𝑘 𝑘2 𝑦⁄ } ⪽ 𝑘𝑀 such that {𝑘1 𝑥⁄ }, {𝑘2 𝑦⁄ } ⪽ 𝑀 and 𝑥 ≠ 𝑦. 

 

Thus, we have 𝑈 ∈ 𝜏1 and 𝑉 ∈ 𝜏2 such that {𝑘1 𝑥⁄ } ⪽ 𝑈, {𝑘2 𝑦⁄ } ⪽ 𝑉 and 𝑈 ⩀ 𝑉 = ∅  

 

(by hypothesis and definition). 

 

But {𝑘1 𝑥⁄ } ⪽ 𝑈 ⟹ {𝑘 𝑘1 𝑥⁄ } ⪽ 𝑘𝑈 and {𝑘2 𝑦⁄ } ⪽ 𝑉 ⟹ {𝑘 𝑘2 𝑦⁄ } ⪽ 𝑘𝑉. 

 

Note that 𝑈 ∈ 𝜏1 ⟹ 𝑘𝑈 ∈ 𝑘𝜏1 and 𝑉 ∈ 𝜏2 ⟹ 𝑘𝑉 ∈ 𝑘𝜏2(by definition) . 

 

𝑘𝑈 ⩀ 𝑘𝑉 = 𝑘(𝑈 ⩀ 𝑉) = 𝑘∅ = ∅ and 𝑘(𝑀, 𝜏1, 𝜏2) is a Hausdorff  

 

In particular, 𝑘(𝑀, 𝜏1, 𝜏2) ∈ 𝐻𝑀𝐵𝑇𝑂𝑃 

 

4 Conclusion  
 

In this article certain operations has been introduced and studied on the various classes of mset topological spaces 

to include submspace, union, intersection, multiplication, raising to arithmetic power and scalar multiplication. 

The study of these operations reveals that these operations are closed on the class of M-topological spaces and M-
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bitopological spaces. However, only the submspace, raising to arithmetic power and scalar multiplication 

operations are closed on the classes of Hausdorff M-topological space and Hausdorff M-bitopological spaces. 
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