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Abstract

Aims/ We use an energy method to solve a following boundary-value problem for hyperbolic-
parabolic equation with an integral condition :

& @ 0 (2,1) v
otz ot Oz ’

%) + bz, t)v = F(x,t)

U(I,O) = 1/}1(1,)’ 0<z< 4»

ov
_ = <z<
ot (170) 1/12(1‘)7 O_CE_&

w(t,t) = B(t), 0< t < T,

¢
/ zv(z,t)de =H(t), 0 <t <T.
0

The proof is based on an energy inequality and on the fact that the range of the operator generated
is dense.
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1 Introduction

In the present paper, we consider the problem of determining a function v = v(z,t) satisfying, in a
weak sense, the linear hyperbolic-parabolic equation

v v 0 ov
O+ 5= (a5 ) 40 )0 = P, (1.1
supplemented by the initial conditions
v(z,0) = Y1(z), 0 <z <4, (1.2)
ov
the Dirichlet condition
v((,t) = E(t), 0<t <T, (1.4)
and the integral condition
)
/ zv(z,t)de = H(t), 0 <t <T, (1.5)
0

where, 91,12, E and H are sufficiently regular given function, and T" and ¢ are the positive constants.

Condition 1.1. For all (z,t) in the closed of (0, ¢) x [0,T], we conditione that

ao < a(z,t) < a1,
da

a2 S %(iﬂ,t) S as,

0
as < a—;‘(a:,t) < as,

< &%a
— Oz0t
where ag, a1, a2, as, as, as, ag and az arer positive constants.

a6 (l’,t) < ar,

Condition 1.2. For all (x,t) in the closed of (0, £) x [0, T], we conditione that
bo S b(fl»’,t) S Ap,
br < 22 (a,) < ba,

oz

ob
b4 S a(mat) S b5a

2

b
< <
bo < G (@) < b1,

where by, b1, bz, bs, ba, bs, be and by arer positive constants.
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The data satisfies the following compatibility conditions : for consistency, we have

¥/
1(0) = E(0), and té a1 (x) dz = H(0).

The importance of problems with integral conditions has been pointed out by Samarskii [1].
Mathematical modelling by evolution problems with a nonlocal constraint of the form

14
/ ~v(z)(x)u(z,t) de = ['(¢t) is encountered in heat transmission theory, thermoelasticity, chemical

e(r)mgineering, underground water flow, and plasma physic.

See for instance Benouar-Yurchuk [2], Benouar-Bouziani [3]-[4], Bouziani [5]-[8], Cannon et al [10]-
[11], lonkin [12]-[13], Kamynin [14] and Yurchuk [15]-[16]. Mixed problems with nonlocal boundary
conditions or with nonlocal initial conditions were studied in Bouziani [8]-[17], Byszewski et al [18]-[20],
Gasymov [22], lonkin [12]-[13], Lazhar [24], Mouravey-Philipovski [25], Said-Nadia [26] and Yurtchuk
[271.

The results and the method used here are a further elaboration of those in [2].

This basic tool is the energy inequality method which, of course, requires appropriate multipliers and
functional spaces.

In this paper, we extend this method to the study of a mixed-type hyperbolic-parabolic equations with
Dirichlet and integral conditions.

The remainder of the paper is organized as follows. After this introduction, in section 2, we present
some preliminaries and basic definitions. Then in Section 3, we establish a priori estimate and give
its several applications. Finally, in section 4, we prove existence of generalized solution.

2 Preliminaries

In point of view of the used method, it is preferable to transform inhomogeneous boundary conditions
to homogeneous ones by introducing a new unknown function = defined as follows :

z2(x,t) = v(x,t) — u(z,t)

where
—627 + 120z — 5¢* x —£)?
u(x,t) = ( 7 )E(t) ( 12 ) H(t).
Then the problem becomes
8%z Iz 0 0z
ﬁ’Lﬁ_% (a( ,t)%) +b(z,t)z = f(x,t) (2.1)
2(x,0) = pa(z), 0 <2 <Y, (2.2)
0z
E(m,O)znpz(:c), 0<z<Y, (2.3)
2(6,t)=0,0<t<T, (2.4)
¢
/ zz(z,t)de =0, 0<t<T, (2.5)
0
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where

(622 — 120z 4 507)

= (B (1) + E2)(t)

fa,t) =F(z,t) + (E1(t) + BY) -

2z 4+ £)(x — 0)
L

n (622 — 12&15[:— 502)b(x,t) E(t) + % (z 224)2 H(t) - (z — Kzzb(x,t) H(t)
da (—6z2 4 120z — 50%) 12(z — O)a(z,t) 2(x — £)a(x,t)
+ o = E(t) - =MD By + =N (),
1@ =) + =20 ) - E2 D,
pal) =vale) + B0 () - 2D g,

Here we conditione that the function ¢1 and ¢- satisfy conditions of (2.4) and (2.5), that is

¢
¢1(0) =0 and / zp1(z) dz = 0.
0

Instead of searching for the function v(z, t), we search for the function z. So the solution of problem
(1.1), (1.2), (1.3), (1.4) and (1.5) will be given by v(x,t) = z(x,t) + u(z, t).

The problem (2.1), (2.2), (2.3), (2.4) and (2.5) can be considered as solving the operator equation

Az =(f, p1,2) = F, (2.6)

where A is an operator defined on E into F. E is the Banach space of functions L?(Q) satisfying the
conditions (2.4) and (2.5) with the norm

¢ ¢ 2 ¢ 2
- : 05V e [ (22
|z||E021t1£)T{/0 z dm—!—/o (8;10) dz + o dz p

and F is the Hilbert space L?(Q) x L?(0,£) x L?(0,£) which consists of elements F = (f, ¢1, ©2)
with the norm

¥4 Y4 2 ¥4
||f|\%:/ <p§(m)dx+/ (—d‘“) dx-i—/ @3(m)dm+/f2(x,t)dmdt.
0 0 dz 0 Q

2 2 2
Let D(A) be the set of all functions u € L?(2), for Ou 9u Ou 07u O7u

- - = Z = 2 . .
\ ot o2’ 9z’ 972 Dol € L*(2) and satisfying
conditions (2.4) and (2.5).

3 Energy Inequality and Its Consequences
Theorem 3.1. Let conditionption 1.1 be fulfilled. Then the a priori estimate

[2lle < AllAz|F, (3.1)
holds for any function z € D(A), where X is a positive constant independent of z.

Proof
t T
Multiplying the equation (2.1) with Lz = (¢t — r)/ %(f,s) déds and integrating the results
0 0
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obtained over Q. = (0, ¢) x (0,T"). Observe that

(t—r1) 8t2 < / 9% ¢ s dfds) dwdt+/§27(t—r (/ / 9% ¢ s d{ds) dzdt
/(27(75—7')623((12 t)6 )(// 9% ¢ s dgds) dadt
+/Q bz, t)(t — 7)z (/ / 9% ¢ s dfds) dadt

.

:/QT(th)f(x,t) (/O /0 %(g,s)dfds) dxdt. (3.2)

Successive integration by parts of integrals on the left-hand of (3.2) are straight-foward but somewhat
tedious. We give onIy their results

/ 6t2 </ / dgds) dadt = —/Oéz(:c,r) (/O 2(€,7) d§) dadt
+/Oez(a: 7) (/0 (g)dg) dncdt—l—/QTz(/O %d§> dadt
% ([ %) 69
/ t-n (// d{ds) d:—/QT(t—T)z</O %@)dm

_/n, 2 (/O (€, 1) df) da:dt—i—/QT z (/Oz 01(8) dg) dadt, (3.4)

L) (] o)

= — T)a\x, Za XL — T)alx 137%173
= [ = alen) G drit= [ (= )atat)en (@) 5 dod, (3.5)

T T

/QT(t—T)f( (// 0z g7s)d5ds> dudt — /Q(t—r)f(x,t) (/Oz@l(g)dg) dudt

-

+/Q (t —7)f (1) (/Ozz(g,t)dg> dudt. (3.6)

-

By substituting (3.3), (3.4), (3.5) and (3.6) in (3.2), we obtain

0z 0z
/QT (t —7)a(z, t)z% dzdt — /QT (t—71)a(z, t)@l(x)% dxdt

_/QT(t—T—l)z</Oz%d£> dxdt—/m(t_r)% (/0 gj) dedt

_ /O[z(x,T) (/OL z(&,7) d£> dxdt + /Oe 2(z,T) (/OL ©1(8) df) dadt

-, : (/] =60 de) dwae+ /- ([ @) asar

— _/QT(t—r)f(m) (/O ¢1(£) d§> dmdt+/m(t—7)f(x,t) (/Ozz(&t) dg) dedt.  (3.7)
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Multiplying the equation (2.1) with % and integrating the results obtained over Q. = (0, ¢)x (0, 7).
Observe that

9%z 0z 02\’ ) 0z 0z

/ b(z,t)z dzdt / f(x —dmdt (3.8)

The standard integration by parts of the terms on the left-hand side of (3.8) leads to

8%z 0z 1 [*/02\? 11,

2 (a02) = [ a0 00280 L [ gy (2
/QT - (a(ac no ) 0% it = /0 a0.05 0.0 dr+ 5 [ o) (5 o
9 , 92

2\ 2
r
1 a(z,t) [0z 2 1t dr () 2 . 95 (1)
_§/QT 5 <%> dazdt—§/0 ao(x) <7) dm—/o a(l,t)— 5 (¢, t)Talt7 (3.10)

0z 1 ¢ 2 1 ¢ 2 1 Qb(:r,t) 2
/QT b(z, t)za dxdt = 5 /0 b(z,7)z"(x,7)dx — 5/0 bo(x)ei(x) dx — 5 o, 01 z° dxdt.
(3.11)

Substituting (3.9), (3.10) and (3.11) into (3.8), we obtain

0z 4 92\ 2 1 [* 9
o, <§> dz dt+ < ) 0 a(z,T) <%> d:c—‘,—i/o b(z,7)z"(x, ) dx

T 9z(0, )8,2(( /T 0z 9z (£, 1) 71/ ob(z,t) o
+/O a(0,t) En B dt — | a(l, t)a (£,t) pp dt = 2 )0 ot 2° dxdt

L [ da(x,t) (02 1/ dip: (z) ) 1,
+5/9T 5 (a?:) dxdt+§/0 ao(2) | =5 = dx+§/0 o3 () da

1

2

’
/0 bo ()3 (z) dalc—i—/Q f(m,t)% dxdt. (3.12)
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Combining the equalities (3.7) with (3.12), we get

/ (g) s s [(Z) wert [ o (5) )22t

(r —t)a g d:vdtJr/ (T —talz, t)pr(z )

Q- Q,

+/Q (r+1—1) (/0 %dg) dmdt+ % —d&) dudt
[ e (] stemee) d““*/ e
7 e O | R e
+ [ e=nrn) ([T de) doat— [ =g ([ ste o) asa
+% N abgi’ D) .2 dudt + %/Q a“(;;’t) (g;)Q dmdt+%/oea(ﬂc,7) (ds‘gim))Q d

¢ Y4 o V4
+%/0 bo(x)<p§(x)+%/o go%(m)d$+/nr f(x,t)% d:cdtJr/O a(f,t)gj(f t)a éxt) dt, (3.13)

IS

3

87
t) o

~

+

In light the Young’s inequality and the inequality of Poincare type

Ltz \? AN PR
/0(/0 adﬁ) d:cgf/o (E) dz, (3.14)

and the conditionption 1.1 and 1.2, certains terms in the right-hand of (3.13) are then majorized as
follows :

dz al [, arT dz\°
- oz <42 = .
/Q,(T t)a(z, t)za dxdt 2 o, dxdt + —— 2 Jo. <8x) dxdt, (3.15)
0z aT? a1 T AN
- = < s = .
/ST(T t)a(z, t)p1 () p dadt < 5 /o (@) dx + 2 Jo (Bzr) dxdt, (3.16)

9z T+1 ) (T +1)¢ 0z\>
/QT (t+1-1t)z (/0 §d€> dxdt < — /QT 2" dzxdt + 1 o (a> dzxdt, (3.17)
¥ 0z T2+ 02\’
/ (r=1) e (/0 E) dxdt < 1 /QT <§> dxdt, (3.18)
Ae z(z,T) </0r z(x,T) d{) dzdt + /QT z </r z(&,t) df) dxdt

'
< (216) /0 22 (x,7) da + %H o, 2 dadt, (3.19)
Y z ®
st ([ ererae) s [ ([ ererac) doar
¢ 1+aT) [* 1
<5 [ Fenw O [ [ Seown @20
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/ (=0 f(z,t) (/Ow v1(8) d§) dxdtf/Q (r=1t)f(z,t) (/x z(§,t)d§) dxdt

T T

0z 1+2T KT/ 2

+ o, f(z, t)a—d xdt < 3 o 1 (z, )d;cdt+I pi(x)de

1 0z
Jri/m (a) dz dtJr—/ (z,t) dzdt. (3.21)

Combining the inequalities (3.15), (3.16), (3.17), (3.18), (3.19), (3.20) and (3.21), choosing « +
3 + £ = by, and using condition 1.1 and 1.2, we obtain

1 [*/02\> ao [t [02\° 11, 1 [°, ar [* dp1(x) 2
_ - —_— - _ < =
2/0 (8t> dx + 2/0 (8:10) dac+2/0z(x,7')dac 2/0g02(1:)d1:+ 2/0 < . ) dx

((14aT) (T aT?> b [° (1+a))T 2+ 1 (LT bs 2
+|:T+T+ 2 -‘r? /()L,Dl(l')dl’-f- 2 + S +§+Z+§ [272 dxdt

2 2
as 0z 270 + ¢ + 2T 0z 14+4T 9
+ [a1T+ ﬂ /Q (a?;) dwdt + f/m (E) ddt + — /Q £, t) dadt.

(3.22)

We also have, by straight foward calculations ,
¢ 82)2 ‘ BZ 2 ¢ 2
— der/ (—) dx+/ z%(x, ) dx

/0 (8t o \O0x 0 (@,7)
L L 2 £

< My / o3 (x) dm—i—/ (M> dnc—i—/ gaf(a:)—i—/ 2 (x,t) dzdt
0 0 Oz 0 Qr

0z\° 02\°

+ M, / 2% dzdt + / =) dxdt+ / =) dadty, (3.23)

Q. o, \ O o, \ Ot

where
1 ¢ 2
max (L, (1+aT)+g+a1T +b71’1+4T
2 Ye" 4 2 2 8
Mo =
min 1 a0
27 2
s (1+a1)T+2+€ 1+€7+bj7 2a1T+a57 2TC+ ¢+ 2T
2 8 2 2 2 4
M, =

4
. (1 —ao
min | =, —
2 2

We eliminate the last term on th right-hand side of (3.23). To do that we use GRONWALL'S Lemma to
we obtain

2 2
[@) o [ e [
MoeM1 T (/l@g(x)dx_F/Z (d(péa(;r)) de +/ / f (z,t) da:dt> (3.24)
0 0

The right-hand side of (3.24) is independent of 7. By taking the least upper bound of the left side with

respect to 7 from 0 to T, we get the estimate (3.1) with A = \/Moeg. This complete the proof of
Theorem 3.1. I
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Definition 3.1. A solution of the equation

Az = (f, 1, ¢2) (3.25)
is called a strong solution of problem (2.1), (2.2), (2.3), (2.4), (??) and (2.5).
Corollary 3.2. By passing to the limit, the estimate (3.1) can be extended to strong solutions, that is
we have the inequality B B
lIzlle < A||Az||F, Yv € D(A). (3.26)
From the inequality, we deduce the following statements.

Corollary 3.3. The range R(A) of the operator A is closed and R(A) = R(A).

Corollary 3.4. A strong solution of the problem (2.1), (2.2), (2.3), (2.4), (??) and (2.5) is unique and
depends continuously on F = (f, ¢1,¢2) € F.

Remark 3.1. Hence, to prove that a strong solution of the problem (2.1), (2.2), (2.3), (2.4), (??) and
(2.5) exists for any element (f, 1, p2) € F, it remains to prove that R(A) = F, where A is an operator

define on F by
8%z Oz 0 0z
A(z) = (ﬁ % o (a(%t)%) , 01, @2) .

4 Solvability of the Problem

Theorem 4.1. If for some w € {z : / 22(x,t) < —|—oo} and for all element
Q

z € Do(A) = {z € D(A) : z(z,0) = %(m,o) = O} ,

we have

T 2822
/ Ww x,t) dmdt—|—/ / —w z,t) dacdt—/ / P2 ( z,t) >w(m,t)dwdt20, (4.1)
o Jo

then w vanishes almost everywhere in (2.

Proof 5
Replacing in (4.1), w by w = f% _[Toz 5 (€0 de+ ‘9— , it follows that
0

z * 0z
/ / a2 <_%— g & t)d£+—) dadt
i z 0z
/ / ( o J, E(fﬂf)déﬁ-f) dxdt

0z 9%z * 0z
—/0 /0 3 (a(m,t)%) (_ﬁ T — (&, )df—&-f) dxdt = 0. 4.2)

Integrating by parts and taking into account (2.5) each term of (4.2), we obtain

82z83 Pz(x,m)\ 92(x,0) )
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£ 92 02 /T /‘f (82)2
— — dxdt = — | dzdt, (4.4)

/o o Ot Ot o \ Ot
0%z 0z 1 [ 0z(x,7)\°
— = —_— 4.
/ / 9 I dzdt = 3 /0 ( ot ) dz, (4.5)
£ 9z 83 Tt 82.2 az ) 9%2(x, 0°z(z, 1)

/ / 0 ( Ox%(&t)dé) dmdt:f/‘Z Bz(ac,T) (/” az(ft,r) dg) dx
/Q ( / S ) dadt, (4.7)

T 0z 0°z ¢ 0%z 9%z da(z, ) 0z %2
/O/Oa?(“(“f %*)@ddt /0“( 922 o ¢ / on 5 7 &
2z 9%z 9%a 9%z 0z
// =) 5 i t‘/O/ dzot o oz M (48)

Tt 0z 0?2 0z 8a ) 0z 0z

(4.9)

) 0z * 9z 9z 0z
/0 /0 P2 (a(m,t)%> ( ; (§ t) df) dzdt = / / a(z,t) ——d dt. (4.10)
Substituting the equalities (4.3) (4.4), (4.5), (4.6), (4.7), (4.8), (4.9) and (4.10) into (4.2), we obtain
1 [ (*2(x,T) %2(
5 f] () s [ (TaR) wee [ ()
1 0z(z, T 0z(x )32 (x,7)
+7/0 (7) dz +// (aﬁ) ddtf/ 5.7) P T) g
oz(x, T 0z(¢
[ ([ ) [ 5] 5
/ / ( §t df) dxdt — / / %%d dt
0
T 9% 822 0z 22 Oz Ba 82 82
¢ 282 8(1 ) 0z 82 22 3z
—l—/o a(z, T Wﬁd +/ 817 e 8152 / / (z,t) 92 Btom 255 dedt = 0. (4.11)

The application of Young'’s inequality and (3.14) to the terms of the above equality gives

¢ 9( x, ) 9% 2( ) 1 [ (9z(x,T) 0?z(z,T) ?
T §§/O<at>d+/o(at2>dx, (4.12)
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,/0‘* az(gt,r) (/Oz azggt,r) df) I <8+z/ <6z:cr) i, w13
/m% (/O g;) dadt < ;/ﬂ (%) dedt + é/ (8t2> dadt, (4.14)
([ Z ) a2 (%) w1s)

0z 0z Oa(z,t) 0z 0z
// 022 % - // = %ad vt
a1 + aze z ai1€ + as 92\ 2
< LT o8 = meTas dad .
< 5 /0 /0 (815) dxdt + % /0 /0 <8x> dxdt, (4.16)

S s 82z8z
—/O/O AR dt<—//< )ddt—i——// (6‘752) dedt,  (4.17)

8(1 ) 0z 0%z as [* 0z(x,T) 2 as [ 0%z(x, T) 2
<% AL, T) a gEALT) _
on onoe 055 /0 ( oz ) o5 )\ o 4, (4.18)
/Za(:c 7')&&dcc<E ‘ & Qdav—i—E ‘ & 2dm (4.19)
o ez ar S5 ) \ a2 2 J, \ae ’ '

// ! tafa dt<*// (mz) dd“*// (ataxz)dedt- (4.20)
// xta—fz%ddt<—//( )ddt—f——// <8z> dzdt,  (4.21)

If we substitute (4.12), (4.13), (4.14), (4.14), (4.15), (4.16), (4.17), (4.18), (4.19), (4.20) and (4.21)
into (4.11), we obtain

_as 0z(z, 1) _al—l—l/l 0?z(x,7) ? B /Z Pz \?
2 o o aa 2/ Ere de=T | \ 5taa2 )
/ T) as +aie—1 [* /8% 2
é/(at)d“fffl(w)“
( ) dudt

£ T 2
< (2+a7)€+a16+a3/ / (@) dodt
2e o Jo \ Oz
K+2a7 2 24+a; (¢ [T 93z \?

13 T 2
+3+€2a1+2a38+2a1/ / (%) dudt
2 )y \ar
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Hence, if e > 0, and a3 + ca1 — 1 = 1, then (4.26) implies that
() e (55 e ) [ (257
,/OZ (%) dx<ﬂ[/ / ((92) dxdt+/ / (a 2>2dxdt+/OZ/OT (gjfdmdt
/ / ( 8t2> drdt + / / < atamz) dmdt] . (4.23)

Where

B2

/B:E7

az 14+ a1 ¢ 1
— T = =
/61 mln(2 b 2 b ) 47 2)

(2—|—a7)(2+a3)+2a1 {4+ 2ar 2+a1>

bz = m“‘”( 2+ as T4 2

It follows from (4.27),

B e [ (55 s [ (%) e [ (5)
/ / <ata 2) dxdt] <6[/£/T (g;)zdde/f <gi§)2dmt
+/OZ/OT<?;> dadt. +/ / (6752) dxdt+/ / <8t8 2) dmdt]. (4.24)
An integration of (4.28) over [0, 7] gives
/OZ/OT (g;f dxdt+/€/7 (gij)z da:dtJr/O[/OT (g;)Z dzdt
/ / (at2> dmdt—f—/ / (87581:2) dxdt} ’T,<0 Vrelo,T]. (4.25)

It follows the above inequality (4.21) that w = 0 almost everywhere on the Domaine (0, ¢) x [07].
The length T does not depend on the origin, so we can proceed in the same way a finite number of
times to show that w = 0in 0, ¢) x [0, T]. Thus, the proof of Theorem (4.1) is completed. [

Theorem 4.2. Under th conditionptions of the Theorem 4.1, the range R(A) of the operator is dense
inF.

Proof
Since F is a Hilbert space, R(A) is dense in F is equivalent to the orthogonality of the vecteur
(no,m,mn2) € F to the set R(A), that is, if and only if the relation

//8t2170xtdxdt+/ / atnoxtdxdt //8 < (z,t) )no(xt)dxdt
0o 0T

+/O o1 () <>dx+/0 pa(@)(x) dz =0, (4.26)
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where z runs over E and n = (no, n1,1n2) € F, implies n = 0.

Putting z € Do(A) in (4.26), we obtain

T rtg2, T g, T ooy 9
/0 /0 wno(%t)dwdt—i—/o /0 Eno(m,t)da:dt—/o /0 P2 <a(z,t)8—x> no(z,t) dzdt. (4.27)

Therefore, the Theorem(4.1) implies that o = 0. Thus (4.26) becomes

¥4 £
/0 o1 (@) () de + / pa(@)ms(x) dz = 0. (4.28)

0z
ot
relation (4.28) gives 1 = 12 = 0. Hence n = 0, and thus the cloosed R(A) of R(A) is equal to F.
This completed the proof of Theorem 4.2. [J

Since the operators z(x, t) — @1 (x) and z(z,t) — —(z,0) = p2(x) are dense in L?(0, ¢), the last

5 Conclusion

We use the a priori estimates method to prove the existence, uniqueness and the continuons dependence,
upon the data, of solutions to new mixed problem type, boundary-value problem for hyperbolic-
parabolic equation with an integral condition.

This results contributes to the development of the a priori estimates method for solving such
problems. The question related to these problems are so miscellameous that the elaboration of a
general theory is still premature. Therefore, the investigation of these problems requires at every time
a separate study.
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