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Abstract 
 
Let M be a hypersurfaces in (n+1) dimensional Lorentzian space E₁ⁿ⁺¹ and ��  be a parallel 
hypersurfaces to M. Before now in [2] the theorem was proved on M in Euclidean space, but 
now we prove this theorem on ��  in Lorentzian Space. In this study, we give higher order 
Gaussian curvatures of �� in Lorentzian space by using its principal curvatures and we proved 
the theorem with induction method by using higher order Gaussian curvatures of ��   in 
Lorentzian space.   

Keywords: Gaussian curvatures, mean curvatures, parallel hypersurfaces, higher order Gaussian 
curvatures. 

 
1 Introduction 
 
For an integer � with  0 ≤ � ≤ �, changing the first  � plus signs above to minus gives a metric 
tensor 

< �	, 
	 >= − � ��
� + � ��
�
�

�����
�

���  

 
of index � .The resulting semi-Euclidean space  ���  reduces to �� if  �  = 0. For � ≥ 2,  ���   is 
called Minkowski � − !"#$%;if �= 4 it is the simplest example of a relativistic spacetime. 
 
The common value �  of index '	 on a semi-Riemannian manifold � is a called the index of   0 ≤ � ≤ � = )*+�  . If  � = 0 ,  � is �*%+#��*#� +#�*,-.);  each '	 is then a (positive 
definite) inner product on /	0�1. If � = 1 #�) � ≥ 2,  �  is a Lorentz manifold. 
Fix the notation 
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4� = 5 −1        ,-6 1 ≤ * ≤ �,+1     ,-6 � + 1 ≤ * ≤ �7. 
 
Then the metric of ��� can be written 
 ' = � 4�)8� ⊗ )8� . 
 
A tangent vector � to � is 
 !"#$%.*:% *, < �, � > > 0 -6 < �, � >= 0, �8.. *, < �, � >= 0 #�) � ≠ 0  <*+%.*:% *, < �, � >< 0      =1> 
 
Normal curvatures, principal curvatures for hypersurfaces and the relevant higher order Gaussian 
curvatures are invariants independent of the choice of coordinates. There has been some recent 
studies on the relations between higher order Gaussian curvatures of a hypersurfaces �in E₁ⁿ⁺¹ 
and that another hypersurfaces �� which is parallel to �. These invariants relevant definitions and 
theorems are generalized by replacing E₁ⁿ⁺¹ with a 0� + 11 −Lorentzian manifold.  
 
Let � and �� are two hypersurfaces in E₁ⁿ⁺¹ with unit normal vector ?of �.     
 

                                                                                                  ? = ∑ A� BBCD
����      

 
where each A� is a E∞function of �.  If there is a function f, from � to �� such that 
 ,: � → �� H → ,0H1 = H + 6?I 
 
then �� is called parallel hypersurfaces of �, where 6 ∈ �.=1>   
 K ∈ L0�1#�) KM ∈ L0��1 vector fields and we have  
 

K = � N� OOPD
���
���  

KM = � NM� OOPD
���
���  

H ∈ �,   N�0H1 = NM�Q,0H1R, 1 ≤ * ≤ �, *1,∗0K1 = KM + 6T0K1 **1T̅Q,∗0K1R = T0K1 ***1 If :  is principal curvatures of �  at the point H  in direction K  , then 
V��WV  is the principal 

curvatures of �� at the point ,0H1 in direction ,∗0K1, that is, T̅Q,∗0K1R = VX��WVX ,∗0K1 which means 

that ,  preserves principal directions, where ,∗  is the differential of ,  and we know that =3> 
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T̅Q,∗0K�1R = :�1 + 6:� ,∗0K�1 

T̅Q,∗0KZ1R = :Z1 + 6:Z ,∗0KZ1  ⋮ T̅Q,∗0K�1R = :�1 + 6:� ,∗0K�1.  
 
2.  Basic Consepts 
 
Definition 1: 
 
Let M and �� are two hypersurfaces in E₁ⁿ⁺¹ with unit normal vector N of M.  
 

? = � A� OOPD
�

���  

 
where each A� is a E∞function of M. If there is a function f from M to �� such that 
 ,: � → �� H → ,0H1 = H + 6?I 
 
then �� is called parallel hypersurfaces of M, where r∈R. 
 
Definition 2:  
 
Let ? be a unit normal vector field on a semi-Riemannian hypersurfaces �� . The tensor field T on � such that  
 〈T0]1, ^〉 = 〈``0], ^1, ?〉   ,-6 #.. ], ^ ∈ ℵ0�1 
 
is called shape operator � derived from ?. 
 
As usual, T determines a linear operator TI: /b0H1 → /b0H1 at each point " ∈ �. =1> 
 
Definition 3: 
 
Let � be a hypersurfaces in E₁ⁿ⁺¹and T denotes the shape operator on M, at H ∈ �. The function c 
defined by  
 c: � → � H → c0H1 = /6#$% T0H1  
 
is called the mean curvature function of � and the real number c0H1 is called mean curvature of � at the point H. =3> 
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Definition 4: 
 
Let � be a hypersurfaces in E₁ⁿ⁺¹ and T denotes the shape operator on M, at H ∈ �. The function d defined by  
 d: � → � H → d0H1 = 4)%< T0H1  
 
is called the Gaussian curvature function of �  and the real number d0H1 is called Gaussian 
curvature of � at the point H. =3> 
 
Definition 5: 
 
Let M be a hypersurfaces in E₁ⁿ⁺¹and  /b0H1 be a tangent space on M, at P∈M. If TI denotes the 
shape operator on M, then 
 TI: /b0H1 → /b0H1 
 
is a linear mapping. If we denote the characteristic vectors by k₁, k₂, ... ,:� and the corresponding 
characteristic vectors by x₁, x₂ ,..., e� of TI then :₁, :₂ , . . . , :�  are the principal curvatures and  x₁, 
x₂, ..., e� are the principal directions of M, at P∈M . On the other hand, if we use the notions   4�=+1 
 

d�0�10k₁, k₂, . . . , :�1 = ε�k� + � εhkh
i

h�Z  

dZ0�10k₁, k₂, . . . , :�1 = � εhkhkj
i

h��k� + � εhkhkj
i

hl�k�  

dm0�10k₁, k₂, . . . , :�1 = � εhkhkjkn
i

h��k�ko + � εhkhkj
i

hl�k�ko kn 
⋮ 

d�0�10k�, kZ, … , :�1 = ε� q kh
i

h��  

 
then the characteristic polynomial of S(P) becomes 
 Hr0I10:1 = :ⁿ+ 0−11d₁⁽ⁿ⁾:ⁿ⁻¹+. . . +0−11ⁿd�⁽ⁿ⁾ 
 
and K₁,K₂, ... , d� are uniquely determined , where the functions d� are called the higher ordered 
Gaussian curvatures of the hypersurface �. 
 �� be a parallel hypersurfaces to � in E₁ⁿ⁺¹. If :v�  denotes the i-th principal curvature function on ��, then, in a similar way, we can write the higher order Gaussian curvatures on ��as follows; 
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d��0�1Qk₁� , k₂� , . . . , :�MMMR = ε�kM� + � εhkw�i
h�Z  

d�Z0�1QkM₁, kM₂, . . . , :M�R = � εhkM hkM j
i

h��k� + � εhkM hkM j
i

hl�k�  

d�m0�1QkM₁, kM₂, . . . , :M�R = � εhkM hkx� kM n
i

h��k�ko + � εhkM hkM j
i

hl�k�ko kn�  

⋮ 
d��0�1QkM₁, kM₂, . . . , :M�R = ε� q kw�i

h��  

where                                      :v� = VD���WVD , 1 ≤ * ≤ �. 
 
 
Theorem: 
 
Let �� be a parallel hypersurfaces in E₁ⁿ⁺¹ and   d₁MMMM, d₂MMMM, . . . , d�MMMM  are called the higher order Gaussian 
curvatures and   kM₁, kM₂, . . . , :M� are the principal curvatures at the point f0H1∈��. Let us define a 
function 4� = +1, 4� = ±1 0* ≠ 11 z: �� → � H → z0H1 = zQr, kM₁, kM₂, . . . , :M�R 

= qQ1 + 4�6:v� R�
���  

such that z function is 
 
                               zQr, kM₁, kM₂, . . . , :M�R = rd�MMM + 6ZdZMMM + ⋯ + 6�d�MMMM. 
 

where :v� = VD���WVD , 1 ≤ * ≤ �. 
 
Proof:  
 
We prove the theorem by induction method. 
 
a) If K	  is spacelike ε₁=+1. For � = 1, the theorem holds. Actually, 
 

zQr, kM₁, kM₂, . . . , :M�R = qQ1 + 4�6:v� R�
���  

= 1 + 6kM₁ 

= 1 + 6 � εhkw��
h��  

= 1 + 6d�MMM 
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Now suppose that the theorem holds for � − 1 and show that is true for �: 
 

zQr, kM₁, kM₂, . . . , :M�R = qQ1 + 4�6:v� R�}�
���  

= 1 + 6 � :v��}�
��� + 6Z � :v��}�

�k� :~� + ⋯ + 6�}� q :v��}�
���  

= 1 + rd�MMM + 6ZdZMMM + ⋯ + 6�}�d��}� 
 
For �, both sides of the equation is multiplied by 1 + 6:�MMM 
 

�q 1 + 6:v��}�
��� � Q1 + 6:�MMMR = �1 + 6 � :v��}�

��� + 6Z � :v��}�
�k� :~� + ⋯ + 6�}� q :v��}�

��� � Q1 + 6:�MMMR 

= 1 + 6 �� :M� +�}�
��� :�MMM� + 6Z �� :v��}�

�k� :~� + :�MMM � :v��}�
��� � + ⋯ + 6�:�MMM q :v��}�

���  

and we have 

q 1 + 6:v��
��� = 1 + 6 � :v��

��� + 6Z � :v��
�k� :~� + ⋯ + 6� q :v��

���  

zQr, kM₁, kM₂, . . . , :M�R = 1 + rd�MMM + 6ZdZMMM + ⋯ + 6�d�� 
 
b) If K	  is timelike ε₁=-1. For � = 1, the theorem holds . Actually, 
 

zQr, kM₁, kM₂, . . . , :M�R = qQ1 + 4�6:v� R�
���  

= 1 + 4�6kM₁ 

= 1 + 6 � εhkw��
h��  

= 1 + 6d�MMM 
 
Now suppose that the theorem holds for � − 1 and show that is true for �: 
 

zQr, kM₁, kM₂, . . . , :M�R = q 1 + 4�6:v��}�
���  

= 1 + 6 � 4�:v��}�
��� + 6Z � 4� :� �

�}�
�k� :~� + ⋯ + 6�}� q 4� :v��}�

���  

= 1 + rd�MMM + 6ZdZMMM + ⋯ + 6�}�d��}� 
 
For �, both sides of the equation is multiplied by 1 + 64�:�MMM 
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�q 1 + 64�:v��}�
��� � Q1 + 64�:�MMMR

= �1 + 6 � 4�:v��}�
��� + 6Z � 4�:v��}�

�k� :~� + ⋯ + 6�}� q 4�:v��}�
��� � Q1 + 64�:�MMMR 

= 1 + 6 �� 4�:v� +�}� 
��� 4�:�MMMMMM� + 6Z �� 4�:v��}�

�k� :~� + :�MMM � 4�:v��}�
��� � + ⋯ + 6�4� :�MMM q 4�:v��}�

���  

 
and we have zQr, kM₁, kM₂, . . . , :M�R = 1 + rd�MMM + 6ZdZMMM + ⋯ + 6�d�� 
 

4. Conclusion 
 
Consequently, in this paper we studied higher order Gaussian curvatures on �� in ����� and we 
proved a new theorem that related higher order Gaussian curvatures and principal curvatures. 
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