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Abstract

Let M be a hypersurfaces in (n+1) dimensional Lorentspace E*! andM be a paralle
hypersurfaces to M. Before now in [2] the theorem was gt@re M in Euclidean space, but
now we prove this theorem di in Lorentzian Space. In this study, we give higher order
Gaussian curvatures &f in Lorentzianspace by using its principal curvatures and we prgved
the theorem with induction method by using higher order Gaussimvatures of/f in
Lorentzian space.

Keywords: Gaussian curvatures, mean curvatures, pahgiersurfaces, higher order Gaussian

curvatures.

1 Introduction

For an integer with 0< v < n, changing the firstv plus signs above to minus gives a metric
tensor

4 n
<V, Wy >= —z v;w; + Z VWi
i=1 j=v+1

of indexv .The resulting semi-Euclidean spad®; reduces tR™if v = 0. Forn > 2, R} is
calledMinkowski n — space;if n=4 it is the simplest example of a relativistic spaueti

The common value of indexg,on a semi-Riemannian manifoldis a called the index of
0sv<n=dimM . If v=0, Mis Riemannian manifold; eachg,is then a (positive
definite) inner product onT,(M). If v=1andn=2, M is a Lorentz manifold.
Fix the notation
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_{—1 forl<i<w,
704+ forv+l<i<n

Then the metric oR}} can be written

g= Z gdu; Q du;.
A tangent vector to M is

spacelike if <v,v>>00r <v,v>=0,
nullif <v,v>=0andv #0
timelike if <v,v><0 [1]

Normal curvatures, principal curvatures for hypersteaand the relevant higher order Gaussian
curvatures are invariants independent of the choice of cwiedi. There has been some recent
studies on the relations between higher order Gaussian cewvaifia hypersurfacégin En*t
and that another hypersurfadéswhich is parallel ta¥. These invariants relevant definitions and
theorems are generalized by replacing'Bvith a(n + 1) —Lorentzian manifold.

Let M andM are two hypersurfaces in"B with unit normal vectoNof M.
a
N=XLlq 7
Xi

where eachy; is ac*function of M. If there is a function f, fron¥ to M such that

f:M->M
P—- f(P)=P+rNp

thenM is called parallel hypersurfacesMf wherer € R.[1]

X € y(M)and X € y(M) vector fields and we have

PeM, b(P)= iE:i(f(P)), 1<i<n,
DEX) =X +rSX)
iS(£.(X) =sX)

iii)If k is principal curvatures o/ at the pointP in directionX , thenlfj is the principal
curvatures oM at the poinyf (P) in directionf.(X), that is,S(£.(X)) = iz £.(X) which means

1+7kq
that f preserves principal directions, whefeis the differential off and we know thaf3]
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_ k,
S(L&x)) = Trklf*(xi)
S(.() = g f(K2)
i} : k,,

S(f*(Xn)) = 1 +Tknf*(Xn)-

2. Basic Consepts

Definition 1:

Let M andM are two hypersurfaces in*E with unit normal vector N of M.

n
N Z 0
= a; —
i=1 la"i

where eachy; is aC*function of M. If there is a function f from M tf such that

fiM->M
P—- f(P)=P+rNp

thenM is called parallel hypersurfaces of M, wheg®r

Definition 2:

Let N be a unit normal vector field on a semi-Riemannian rsgpéaces’ . The tensor field on
M such that

(S(V), W) = {I(V,W),N) forallV,W € R(M)
is called shape operatdf derived fromn.

As usual,S determines a linear operat€y: T,,(P) - T,,(P) at each poinp € M. [1]
Definition 3:

Let M be a hypersurfaces in"EandS denotes the shape operator on MP & M. The functionH
defined by

H:M - R
P - H(P) = Trace S(P)

is called the mean curvature functionMfand the real numbef(P) is called mean curvature of
M at the pointP. [3]
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Definition 4:

Let M be a hypersurfaces in"E andS denotes the shape operator on MP & M. The function
K defined by

K:M >R
P - K(P) = edet S(P)

is called the Gaussian curvature functionMbfand the real numbédf(P) is called Gaussian
curvature of\ at the pointP. [3]

Definition 5:

Let M be a hypersurfaces innEand Ty, (P) be a tangent space on M, &N®. If S, denotes the
shape operator on M, then

Sp: Ty (P) = Ty (P)
is a linear mapping. If we denote the characteristitovedy k, k., ... k, and the corresponding
characteristic vectors by, ,...,x, of Sp thenky, k,,..., k, are the principal curvatures ang, x

X2, ..., X, are the principal directions of M, aEM . On the other hand, if we use the notions
5i:+1

n
K™ (ki Ko, kn) = £1ky + z gk
n i:2n

Kz(n)(kl,kz,...,kn) = Z Sikik]' + Z Sikik]'

i=1<j i*1<j
n n
KPKulen k) = ) akigker ) ek K

i=1<j<t iz1<j<t

: n
KDWY, .. k) = &y Hki
i=1

then the characteristic polynomial of S(P) becomes
Pspy (k) = k* + (=K k4. +(=1)"K, "

and K,K,, ... ,K, are uniquely determined , where the functiéihare called the higher ordered
Gaussian curvatures of the hypersurface

M be a parallel hypersurfaceslbin E;**L. If k, denotes the i-th principal curvature function on
M, then, in a similar way, we can write the higher or@aussian curvatures dfas follows;
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n

R (13, o) = 01Ky + ) ik,
i=2

n n
I?z(n)(l_(l, Rz,...,]_fn) = z SiRil_(j + z Sil_(iRj
i=1<j i#1<j
n n
RORuFo )= ) akkko+ ) skl
i=1<j<t i#1<j<t

where k, = -, 1<i<n

Theorem:

Let M be a parallel hypersurfaces if*Eand K4, K,,..., K, are called the higher order Gaussian
curvatures and kq, ks, ..., k,, are the principal curvatures at the poi(R)YeM. Let us define a
function
=+l =21({*#1)
@:M >R
P - o(P) =o(rkyke.... k)
n

= 1_[(1 +&rk,)
i=1

o(r ki, k... ky) = 1K + 72K + - + 1K,

such thatp function is

ki

—,1<i<n
1++7k;

wherek, =

Proof:
We prove the theorem by induction method.

a) If X,, is spacelikex=+1. Forn = 1, the theorem holds. Actually,

(P(r; El: 1_(2: eey I;Tl) = 1_[(1 + Sirla)
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Now suppose that the theorem holdsrer 1 and show that is true far:
o(r ks, ks, ..., n) 1_[(1 + &rk,)

—1+r2k +1r? ky + - 41 11_[k

L<]
= 1+rK1+r K, + -+ 1" 1Kn_1

Forn, both sides of the equation is multiplied by rk,,

n-—1 n-—1
(ﬂl+rl€>(1+rﬁ)= 1+er + 12 I?I?]+---+r"‘1n_ (1+7k,)
i=1 i<j i=1
- -1
—1+r<zk +k)+r kK + = 1; ot k—]_[
i<j i=1 i=1
and we have
n
1_[1+rk —1+r2k + 12 Z ko k, + k,

i<j

(r,kl,kz,..., n) =1+rK, +7?K, + ---+r"K

||I
_

b) If X, is timelikee,=-1. Forn = 1, the theorem holds . Actually,

1
(p(rr er 1_(2; ey ]_Cn) = 1_[(1 + SirE)

=1+ g1k,
1

=1 +r2811?1
i=1

i=
=1+71rK,

Now suppose that the theorem holdsrer 1 and show that is true for

n-1
(P(rrl_(l;l_(z;---ﬁkn) = 1_[ 1 + girI?l

n-1 -1
=1+rzgila+r Zflkt + T 1_[
i=1 i<j i=

=1+rK +7%K, + -+ 7K,

Forn, both sides of the equation is multiplied by re, k,,
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n-1
(1_[ 1+ rsiI?L> (1 +reky)
i=1

n-1 n-1 n-1
=1 +rz ik, +r225i1?ll?] + ~-+r"‘11_[sl-1?l (1+reky)
i=1 i<j i=1
n—-1 n-1 n-1 n-—1
=1+r(z eiE+enkn)+r2 Z&E?"'E gk, +---+r"snk_n1_[eila
i=1 i<j i=1 i=1

and we have
o(rkiky .. k) =1+ 1K + 72K, + -+ 17K,

4. Conclusion

Consequently, in this paper we studied higher order Gaussiaatway on/ in E*M?! and we
proved a new theorem that related higher order Gaussianu@vaind principal curvatures.
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