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1 Introduction

The following inequality is called Hermite-Hadamard inequlity

f

(
a+ b

2

)
≤ 1

b− a

b∫
a

f(x)dx ≤ f(a) + f(b)

2
, (1.1)

where f : I ⊆ R → R is a convex function and a, b ∈ I with a < b.

The following inequality also is called as Hermite-Hadamard inequlity for fractional integrals.

Let f : [a, b] → R be a positive convex function with 0 ≤ a < b and f ∈ L [a, b]

f

(
a+ b

2

)
≤ Γ (α+ 1)

2 (b− a)α
[Jα

a+f(b) + Jα
b− (a)] ≤ f(a) + f(b)

2
(1.2)

with α > 0.

The inequality (1.1) was first discovered by Hermite in 1881 in the Journal Mathesis. This inequality
was known as Hermite-Hadamard inequlity, because this inequality was found by Mitrinovic Hermite
and Hadamard’ note in Mathesis in 1974.

For several recent results concerning inequality (1.1), (1.2), see ([1]-[27]) where further references
are listed.

Definition 1.1. [9] Let f : I ⊂ R → R where a, b ∈ I and t ∈ [0, 1]. The convex function is defined
as

f(ta+ (1− t)b) ≤ tf(a) + (1− t)f(b). (1.3)

Definition 1.2. [11] Let s ∈ (0, 1]. A function f : I ⊆ R0 = [0,∞) → R is said to be s−convex in
the second sense if

f(ta+ (1− t)b) ≤ tsf(a) + (1− t)sf(b), (1.4)

holds for all a, b ∈ I and t ∈ [0, 1].

Tunç and Yildirim in [27] introduced the following definition as follows:

Definition 1.3. A function f :I ⊆ R → R is said to belong to the class ofMT (I) if it is non-negative
and for all x, y ∈ I and t ∈ (0, 1) satisfies the inequality;

f (tx+ (1− t) y) ≤
√
t

2
√
1− t

f (x) +

√
1− t

2
√
t

f (y) .

Definition 1.4. [6] Let φ : (0, 1) → (0,∞) be a measurable function. We say that the function
f : I → [0,∞) is a φ−convex function on the interval I if x, y ∈ I we have

f (tx+ (1− t) y) ≤ tφ (t) f (x) + (1− t)φ (1− t) f (y) .

Remark 1.1. According to definition 4 for the special choose of φ we can obtain following;

If we take φ(t) ≡ 1, we obtain classical convex.

If we take φ(t) = ts−1, we obtain s−convex.

If we take φ(t) =
1

2
√
t
√
1− t

, we obtain MT−convex.
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Definition 1.5. [10] Let f : [a, b] ⊆ R → R. The quasi-convexity is defined as

f (tx+ (1− t) y) ≤ max {f (x) , f (y)} .
Now, we give some necessary definitions of fractional calculus theory which are used further in this
paper.

Definition 1.6. [20] Let f ∈ L [a, b] . The Riemann-Liouville integrals Jα
a+f and Jα

b−f of order
α > 0 with a ≥ 0 are defined by

Jα
a+f(x) =

1

Γ (α)

x

a

(x− t)α−1 f(t)dt, x > a (1.5)

and

Jα
b−f(x) =

1

Γ (α)

b

x

(t− x)α−1 f(t)dt, x < b, (1.6)

respectively. Here, Γ (α) is the Gamma function and J0
a+f(x) = J0

b−f(x) = f(x).

Samko et al. in [20] used following definitions as follows:

Definition 1.7. The Euler Beta function is defined as follows:

β (x, y) =1
0 tx−1 (1− t)y−1 dt, x, y > 0.

The incomplate beta function is defined as follows:

β (a, x, y) =a
0 tx−1 (1− t)y−1 dt, x, y > 0, 0 < α < 1.

Recently, in a series of research publications, Diaz et al. ([3],[4],[5]) have introduced k -gamma and
k -beta functions and proved a number of their properties.

Γk(x) = lim
n→∞

n!kn(nk)
x
k
1

(x)n,k
(1.7)

(x)n,k =
∏n−1

j=0 (x+jk), k > 0 is the Pochhammer k -symbols for factorial function. It has been shown

that the Mellin transform of the exponential function e−
tk

k is the k -gamma function, explicitly given
by

Γk(x) =

∫ ∞

0

tx−1e
tk

k dt. (1.8)

Clearly, Γ(x) = limk→1 Γk(x), Γk(x) = k
x
k Γk(

x
k
) and Γk(x+ k) = xΓk(x).

Definition 1.8. [4] The k-Beta function is defined the following formula

Bk(x, y) =
1

k

∫ 1

0

t
x
k
−1(1− t)

y
k
−1dt, x, y, k > 0.

Remark 1.2. The following identity, connection the Γk, Bk function, is also given in [4]

Bk(x, y) =
Γk(x)Γk(y)

Γk(x+ y)
, Re (x) > 0, Re (y) > 0.

k -gamma also leads to another interesting direction, k -fractional integral defined by

Iαk (f(x)) =
1

kΓk(α)

∫ x

0

(x− t)
α
k
−1f(t)dt. (1.9)

Remark 1.3. [23] When k → 1, it then reduces to the classical Riemann-Liouville fractional integral

Iα(f(x)) =
1

Γ(α)

∫ x

0

(x− t)α−1f(t)dt. (1.10)

Note that, Iαk f exists in C0 if f ∈ C0, where C0 be the class of all functions which are continuous
and integrable on the interval (0,∞).
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2 Main Results

Now, we give a useful lemma that will be used later.

Lemma 2.1. Let f : I ⊂ R → R be a twice differentiable function on I◦ such that f ′′ ∈ L [a, b],
where a, b ∈ I with a < b. Then for all x ∈ [a, b] , λ ∈ [0, 1] and α

k
> 0 we have:

If
(
x, λ, α

k
; a, b

)
= (x−a)

α
k

+2

(α
k
+1)(b−a)

∫ 1

0
t
((

α
k
+ 1
)
λ− t

α
k

)
f ′′ (tx+ (1− t) a) dt

+ (b−x)
α
k

+2

(α
k
+1)(b−a)

∫ 1

0
t
((

α
k
+ 1
)
λ− t

α
k

)
f ′′ (tx+ (1− t) b) dt,where

If
(
x, λ, α

k
; a, b

)
= (1− λ)

[
(x−a)

α
k +(b−x)

α
k

b−a

]
f (x) + λ

[
(x−a)

α
k f(a)+(b−x)

α
k f(b)

b−a

]
+( 1

α
k
+1

− λ)

[
(b−x)

α
k

+1−(x−a)
α
k

+1

b−a

]
f ′ (x)− Γk(α+k)

b−a

[
kJ

α
x−f (a) +k Jα

x+f (b)
]
.

Proof. Integrating by parts and changing the variable, for x ̸= a we get∫ 1

0
t
[(

α
k
+ 1
)
λ− t

α
k

]
f ′′ (tx+ (1− t) a) dt

=
[(

α
k
+ 1
)
λ− 1

] f ′(x)
x−a

+
(α

k
+1)

(x−a)2
[(1− λ) f (x) + λf (a)]

−
α
k (

α
k
+1)

(x−a)
α
k

+2

∫ x

a
(u− a)

α
k
−1 f (u) du

=
[(

α
k
+ 1
)
λ− 1

] f ′(x)
x−a

+
(α

k
+1)

(x−a)
α
k

+2 [(1− λ) f (x) + λf (a)]

−
α
k (

α
k
+1)

(x−a)
α
k

+2Γk (α+ k)k J
α
x−f (a) .

(2.1)

Similarly for x ̸= b, we get∫ 1

0
t
[(

α
k
+ 1
)
λ− t

α
k

]
f ′′ (tx+ (1− t) b) dt

=
[(

α
k
+ 1
)
λ− 1

] f ′(x)
x−b

+
(α

k
+1)

(b−x)2
[λf (b)− (λ− 1) f (x)]

−
α
k (

α
k
+1)

(b−x)
α
k

+2

∫ x

a
(u− b)

α
k
−1 f (u) du

=
[(

α
k
+ 1
)
λ− 1

] f ′(x)
x−b

+
(α

k
+1)

(b−x)2
[(1− λ) f (x) + λf (a)]

−
α
k (

α
k
+1)

(b−x)
α
k

+2Γk (α+ k)k J
α
x+f (b) .

(2.2)

Multiplying both sides of (2.1) and (2.2) by (x−a)
α
k

+2

(b−a)
and (b−x)

α
k

+2

(b−a)
respectively, and adding the

resulting we obtain;

(x−a)
α
k

+2

(b−a)

∫ 1

0
t
((

α
k
+ 1
)
λ− t

α
k

)
f ′′ (tx+ (1− t) a) dt

+ (b−x)
α
k

+2

(b−a)

∫ 1

0
t
((

α
k
+ 1
)
λ− t

α
k

)
f ′′ (tx+ (1− t) b) dt

=
(
1− λ

(
α
k
+ 1
)) [ (b−x)

α
k

+1−(x−a)
α
k

+1

(b−a)

]
f ′ (x) + λ

(
α
k
+ 1
) [ (b−x)

α
k

+1
f(b)+(x−a)

α
k

+1
f(a)

(b−a)

]
+(1− λ)

(
α
k
+ 1
) [ (b−x)

α
k −(x−a)

α
k

b−a

]
f (x)− Γk(α+k)(α

k
+1)

b−a

[
kJ

α
x−f (a) +k J

α
k
x+f (b)

]
.
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Theorem 2.2. Let φ : (0, 1) → (0,∞) be a measurable function. Assume also that f : I ⊂
[0, ∞) → R be a twice differentiable function on the interior I0 of an interval I and f ′′ ∈ L [a, b],
where a, b ∈ I0 with a < b. If |f ′′|q is φ−convex on [a, b] for some fixed q ≥ 1, then we get the
following inequality for k-fractional integrals

∣∣If (x, λ, α
k
, t, φ; a, b

)∣∣
≤ A

1− 1
q

1

(
α
k
, λ
) [ (x−a)

α
k

+2

(α
k
+1)b−a

{
A2(

α
k
, λ, t, φ) |f ′′ (x)|q +A3

(
α
k
, λ, t, φ

)
|f ′′ (a)|q

} 1
q

+ (b−x)
α
k

+2

(α
k
+1)b−a

{
A2

(
α
k
, λ, t, φ

)
|f ′′ (x)|q +A3

(
α
k
, λ, t, φ

)
|f ′′ (b)|q

} 1
q

] (2.3)

for any x = ta+ (1− t) b, t ∈ [0, 1] , λ ∈ [0, 1], and α
k
> 0, where

A1

(
α
k
, λ
)

=
α
k ((

α
k
+1)λ)

1+ 2
α
k +1

α
k
+2

−
(
α
k
+ 1
)

λ
2
,

A2

(
α
k
, λ, t, φ

)
=
∫ 1

0

∣∣∣t((αk + 1
)
λ− t

α
k

)∣∣∣ tφ (t) dt,
A3

(
α
k
, λ, t, φ

)
=
∫ 1

0

∣∣∣t((αk + 1
)
λ− t

α
k

)∣∣∣ (1− t)φ (1− t) dt.

Corollary 2.3. In Theorem 1, if we choose φ (t) = 1, we get the following inequality∣∣If (x, λ, α
k
; a, b

)∣∣
≤

(
α((α

k
+1)λ)1+

2k
α +k

α+2k
− (α

k
+1)λ
2

)1− 1
q

×

 (x−a)α+2

(α
k
+1)b−a


3−

(
α
k
+ 3
) (

α
k
+ 1
)
λ+ 2α

k

((
α
k
+ 1
)
λ
)1+ 3k

α

3
(
α
k
+ 3
)

 |f ′′ (x)|

+

α
((

α
k
+ 1
)
λ
)1+ 2k

α

α+ 2k
−

2kλ
((

α
k
+ 1
)
λ
)1+ 3k

α

3 (α+ 3k)
+

α
(
α
k
+ 1
)
λ

6k
− αk

(α+ 2k) (α+ 3k)

 |f ′′ (a)|


+ (b−x)α+2

(α
k
+1)b−a


3−

(
α
k
+ 3
) (

α
k
+ 1
)
λ+ 2α

k

((
α
k
+ 1
)
λ
)1+ 3k

α

3
(
α
k
+ 3
)

 |f ′′ (x)|

+

α
((

α
k
+ 1
)
λ
)1+ 2k

α

α+ 2k
−

2k
((

α
k
+ 1
)
λ
)1+ 3k

α

3 (α+ 3k)
+

α
(
α
k
+ 1
)
λ

6k
− αk

(α+ 2k) (α+ 3k)

 |f ′′ (b)|


 .

Corollary 2.4. In Theorem 1, if we choose φ (t) = ts−1, we obtain the following inequality:∣∣If (x, λ, α
k
, t, φ; a, b

)∣∣
≤ A

1− 1
q

1

(
α
k
, λ
) [ (x−a)

α
k

+2

b−a

{
|f ′′ (x)|q A4

(
α
k
, λ, s

)
+ |f ′′ (a)|q A5

(
α
k
, λ, t

)} 1
q

+ (b−x)
α
k

+2

b−a

{
|f ′′ (x)|q A4

(
α
k
, λ, s

)
+ |f ′′ (b)|q A5

(
α
k
, λ, t

)} 1
q

]
.
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where

A4

(
α
k
, λ, s

)
= 2

((
α
k
+ 1
)
λ
) (s+2)k

α
+1

s+ 2
− 2

k
((

α
k
+ 1
)
λ
) (s+2)k

α
+1

α+ ks+ k2
+

k

α+ ks+ k2

A5

(
α
k
, λ, t

)
=
(
α
k
+ 1
)
λβ
(((

α
k
+ 1
)
λ
) k

α , 2, s+ 1
)
− β

(((
α
k
+ 1
)
λ
) k

α , α+ 2, s+ 1
)

+β
(
1−

((
α
k
+ 1
)
λ
) k

α , α+ 2, s+ 1
)
−
(
α
k
+ 1
)
λβ
(
1−

((
α
k
+ 1
)
λ
) k

α , 2, s+ 1
)
.

Theorem 2.5. Let φ : (0, 1) → (0,∞) be a measurable function. Assume also that f : I ⊂
[0, ∞) → R be a twice differentiable function on the interior I0 of an interval and f ′′ ∈ L [a, b],
where a, b ∈ I0 with a < b. If |f ′′|q is φ−convex on [a, b] for some fixed q > 1 with 1

p
+ 1

q
= 1, then

we get the following inequality for k−fractional integrals

∣∣If (x, λ, α
k
, t, φ; a, b

)∣∣
≤ B

1
p
(
α
k
, λ, p

) [ (x−a)
α
k

+2

(α
k
+1)b−a

{(
|f ′′ (x)|q + |f ′′ (a)|q

) ∫ 1

0
tφ (t) dt

} 1
q

+ (b−x)
α
k

+2

(α
k
+1)b−a

{(
|f ′′ (x)|q + |f ′′ (b)|q

) ∫ 1

0
tφ (t) dt

} 1
q

]
,

(2.4)

for any x ∈ [a, b] , λ ∈ [0, 1] and α
k
> 0, where2F1 is the hypergeometric function defined by

2F1 (a, b, c, z) =
1

β (b, c− b)

∫ 1

0

tb−1 (1− t)c−b−1 (1− zt)−a dt

for 0 < b < c and |z| < 1, and

B
(
α
k
, λ, p

)
=

((α
k
+1)λ)

1+p+α
k

p
α
k

α
k

{
Γ (1 + p) Γ

(
1+p+α

k
α
k

)
2F1

(
1, 1 + p, 2 + p+ 1+p

α
k

, 1
)

+β
(
1 + p,− 1+p+α

k
p

α
k

)
− β

(
λ, 1 + p,− 1+p+α

k
p

α
k

)}
.

Corollary 2.6. In Theorem 2 if we choose φ (t) = 1, then we get the following inequality which
holds for any x ∈ [a, b] , λ ∈ [0, 1] and α > 0;∣∣If (x, λ, α

k
, t, φ; a, b

)∣∣ ≤ (∫ 1

0

∣∣∣t((αk + 1
)
λ− t

α
k

)∣∣∣p dt) 1
p

×

[
(x−a)

α
k

+2

b−a

{
(|f ′′(x)|q+|f ′′(a)|q)

2

} 1
q

+ (b−x)
α
k

+2

b−a

{
(|f ′′(x)|q+|f ′′(b)|q)

2

} 1
q

]
.

In Theorem 2 if we take φ (t) = ts−1, then we can obtain the following inequality:∣∣If (x, λ, α
k
, t, φ; a, b

)∣∣ ≤ (∫ 1

0

∣∣∣t((αk + 1
)
λ− t

α
k

)∣∣∣p dt) 1
p

×

[
(x−a)α+2

(α
k
+1)b−a

{
(|f ′′(x)|q+|f ′′(a)|q)

s+1

} 1
q

+ (b−x)α+2

(α
k
+1)b−a

{
(|f ′′(x)|q+|f ′′(b)|q)

s+1

} 1
q

]
.

From the definition of quasi-convex, we can obtain the following theorems for k−fractional integrals.

6
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Theorem 2.7. Let f : I ⊂ R → R be a twice differentiable function on I◦ and f ′′ ∈ L [a, b], where
a, b ∈ I◦ with a < b. If |f ′′|q is quasi-convex on [a, b] for some fixed q ≥ 1, then we get the following
inequality for k−fractional integrals with x ∈ [a, b] , λ ∈ [0, 1] and α

k
> 0∣∣If (x, λ, α

k
; a, b

)∣∣ ≤ D
(
α
k
, λ
){ (x−a)

α
k

+2

(α
k
+1)(b−a)

(
max

{
|f ′′ (x)|q , |f ′′ (a)|q

}) 1
q

+ (b−x)
α
k

+2

(α
k
+1)(b−a)

(
max

{
|f ′′ (x)|q , |f ′′ (b)|q

}) 1
q

}
,

(2.5)

where

D
(α
k
, λ
)
=


α[(α

k
+1)λ]

α+2k
α +k

α+2k
− (α

k
+1)λ
2

, 0 ≤ λ ≤ 1
α
k
+1

(α
k
+1)(α

k
+2)λ−2

2(α
k
+2)

, 1
α
k
+1

< λ ≤ 1.

Proof. By property of the modulus, Lemma 1 and power-mean inequality we get∣∣If (x, λ, α
k
; a, b

)∣∣ ≤ (x−a)
α
k

+2

(α
k
+1)(b−a)

(∫ 1

0
t
∣∣∣(αk + 1

)
λ− t

α
k

∣∣∣ dt)1− 1
q

×
(∫ 1

0
t
∣∣∣(αk + 1

)
λ− t

α
k

∣∣∣ |f ′′ (tx+ (1− t)a)|q dt
) 1

q

+ (b−x)
α
k

+2

(α
k
+1)(b−a)

(∫ 1

0
t
∣∣∣t (αk + 1

)
λ− t

α
k

∣∣∣ dt)1− 1
q

×(
∫ 1

0
t
∣∣∣(αk + 1

)
λ− t

α
k

∣∣∣ |f ′′ (tx+ (1− t)b)|q dt)
1
q .

Since |f ′′|q is quasi-convex on [a, b] we get∫ 1

0
t
∣∣∣(αk + 1

)
λ− t

α
k

∣∣∣ |f ′′ (tx+ (1− t)a)|q dt

≤ D
(
α
k
, λ
)
max{|f ′′ (x)|q , |f ′′ (a)|q},

And similarly we get ∫ 1

0
t
∣∣∣(αk + 1

)
λ− t

α
k

∣∣∣ |f ′′ (tx+ (1− t)b)|q dt

≤ D
(
α
k
, λ
)
max{|f ′′ (x)|q , |f ′′ (b)|q},

where we use the fact that

D
(
α
k
, λ
)

=
∫ 1

0
t
∣∣∣(αk + 1

)
λ− t

α
k

∣∣∣ dt

=



(
α
k
+ 1
)
λ
∫ [(α

k
+1)λ]

k
α

0 tdt−
∫ [(α

k
+1)λ]

k
α

0 t
α
k
+1dt

, 0 ≤ λ ≤ 1
α
k
+1

−
(
α
k
+ 1
)
λ
∫ 1

[(α
k
+1)λ]

k
α
tdt+

∫ 1

[(α
k
+1)λ]

k
α
t
α
k
+1dt

(
α
k
+ 1
)
λ
∫ 1

0
tdt−

∫ 1

0
t
α
k
+1dt , 1

α
k
+1

< λ ≤ 1

=


α[(α

k
+1)λ]

α+2k
α +k

α+2k
− (α

k
+1)λ
2

, 0 ≤ λ ≤ 1
α
k
+1

(α
k
+1)(α

k
+2)λ−2

2(α
k
+2)

, 1
α
k
+1

< λ ≤ 1.
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This completes the proof.

Corollary 2.8. In Theorem 3, if we take q = 1, then we obtain the following inequality∣∣If (x, λ, α
k
; a, b

)∣∣ ≤ (∫ 1

0
t
∣∣∣(αk + 1

)
λ− t

α
k

∣∣∣ dt)
×
[

(x−a)
α
k

+2

(α
k
+1)(b−a)

max {|f ′′ (x)| , |f ′′ (a)|}+ (b−x)
α
k

+2

(α
k
+1)(b−a)

max {|f ′′ (x)| , |f ′′ (b)|}
]
.

Corollary 2.9. In Theorem 3, if choose x = a+b
2

and k = 1, we can obtain corollary 2.2 in [10].

Corollary 2.10. If we choose x = a+b
2

and k = 1 in Theorem 3, we can obtain the corollary 2.3,
2.4, 2.5 in [10], respectively for λ = 1

3
, λ = 0, λ = 1.

Theorem 2.11. Let f : I ⊂ R → R be a twice differentiable function on I◦ and f ′′ ∈ L [a, b], where
a, b ∈ I◦ with a < b. If |f ′′|q is quasi-convex on [a, b] for some fixed q > 1, then we can obtain the
following inequality for k-fractional integrals with x ∈ [a, b] , λ ∈ [0, 1] and α

k
> 0

∣∣If (x, λ, α
k
; a, b

)∣∣ ≤ D
1
p
(
α
k
, λ, p

) [ (x−a)
α
k

+2

(α
k
+1)(b−a)

(
max

{∣∣f ′′ (a+b
2

)∣∣q , |f ′′ (a)|q
}) 1

q

+ (b−x)
α
k

+2

(α
k
+1)(b−a)

(
max

{∣∣f ′′ (a+b
2

)∣∣q , |f ′′ (b)|q
}) 1

q

]
,

(2.6)

where p = q
q−1

,

D
(α
k
, λ, p

)
=



k
pα+p+k

, λ = 0[
k[(α

k
+1)λ]

pα+p+k
α

α
β
(

k(p+1)
α

, p+ 1
)

+ [k−αλ−λ]p+1

α(p+1)

]
2F1

(
α−k−kp

α
, 1, p+ 2; k−αλ−kλ

k

)
, 0 < λ ≤ 1

α
k
+1

[(α+k)λ]
(α+k)p+1

α

α
β
(

k
(α+k)λ

; k(p+1)
α

, p+ 1
)

1
α
k
+1

< λ ≤ 1

2F1 is Hypergeometric function.

Proof. By property of the modulus, Lemma 1 and using the Hölder inequality we get∣∣If (x, λ, α
k
; a, b

)∣∣
≤ (x−a)

α
k

+2

(α
k
+1)(b−a)

∫ 1

0
t
(
α
k
+ 1
)
λ− t

α
k |f ′′(tx+ (1− t)a)| dt

+ (b−x)
α
k

+2

(α
k
+1)(b−a)

∫ 1

0
t
(
α
k
+ 1
)
λ− t

α
k |f ′′(tx+ (1− t)b)| dt

≤ (x−a)
α
k

+2

(α
k
+1)(b−a)

(∫ 1

0
tp
∣∣∣(αk + 1

)
λ− t

α
k

∣∣∣p dt) 1
p
(∫ 1

0
|f ′′(tx+ (1− t)b)|q dt

) 1
q

+ (b−x)
α
k

+2

(α
k
+1)(b−a)

(∫ 1

0
tp
∣∣∣(αk + 1

)
λ− t

α
k

∣∣∣p dt) 1
p
(∫ 1

0
|f ′′(tx+ (1− t)a)|q dt

) 1
q

8
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Since |f ′′|q is quasi-convex on [a, b] we get∫ 1

0

∣∣f ′′(tx+ (1− t)a)
∣∣q dt ≤ max{

∣∣∣∣f ′′
(
a+ b

2

)∣∣∣∣q , ∣∣f ′′ (a)
∣∣q}

∫ 1

0

∣∣f ′′(tx+ (1− t)b)
∣∣q dt ≤ max{

∣∣∣∣f ′′
(
a+ b

2

)∣∣∣∣q , ∣∣f ′′ (b)
∣∣q}

and

D
(
α
k
, λ, p

)
=
∫ 1

0
tp
∣∣∣(αk + 1

)
λ− t

α
k

∣∣∣p dt

=



∫ 1

0
t(

α
k
+1)pdt , λ = 0[∫ [(α

k
+1)λ]

k
α

0 tp
[(

α
k
+ 1
)
λ− t

α
k

]p
dt

+
∫ 1

[(α
k
+1)λ]

k
α
tp
[
t
α
k −

(
α
k
+ 1
)
λ
]p

dt

]
, 0 < λ ≤ 1

α
k
+1

∫ 1

0
tp
[(

α
k
+ 1
)
λ− t

α
k

]p
dt , 1

α
k
+1

< λ ≤ 1

This completes the proof.

Corollary 2.12. If we choose x = a+b
2

in Theorem 4, we get∣∣If (x, λ, α
k
; a, b

)∣∣
≤
(∫ 1

0
tp
∣∣∣(αk + 1

)
λ− t

α
k

∣∣∣p dt) 1
p (b−a)

α
k

+1

(α
k
+1)

{(
max

{∣∣f ′′ (a+b
2

)∣∣q , |f ′′ (a)|q
}) 1

q

+
(
max

{∣∣f ′′ (a+b
2

)∣∣q , |f ′′ (b)|q
}) 1

q

}
,

Corollary 2.13. If we choose x = a+b
2

and k = 1 in Theorem 4, we can obtain the corollary 2.7,
2.9, 2.10 in [10], respectively for λ = 1

3
, λ = 0, λ = 1.

3 Conclusion

In the present paper, we construct some new inequalities of the Simpson-like and the Hadamard-like
type for functions whose second derivatives are φ-convex and quasi-convex via the integral equality
which is given in this work.
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