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Abstract

In this paper, we introduced some operations on multiset topological spaces to include union, intersection,
arithmetic multiplication, Scalar multiplication and Raising to Arithmetic Power. Studies revealed that these
operations are closed on the various classes of multiset topological spaces defined.

Keywords:  Multiset; topological space; arithmetic multiplication; scalar multiplication; raising to arithmetic
power.

1 Introduction

The notion of multiset (mset, for short) is well established both in mathematics and in computer science. In
mathematics, a mset is considered to be the generalization of a set. In classical set theory, a set is a well-defined
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collection of distinct objects, if repeated occurrences of any object are allowed in a set, then a mathematical
structure, that is known as mset is obtained. For the various applications of msets the reader is referred to article
[1]. Itis observed from the survey of available literature on msets and applications that the idea of mset was hinted
by R. Dedikind in 1888. The mset theory which generalizes set theory as a special case was introduced by Cerf et
al. [2]. The term mset, as noted by Knuth [3] was first suggested by N.G de Bruijn in a private communication to
him. Further study was carried out by Yager [4], Blizard [5]. Other researchers [6,7,8] gave a hew dimension to
the multiset theory.

Research on the mset theory has been gaining grounds. The research carried out so far shows a strong analogy in
the behaviour of sets and msets. It is possible to extend some of the main notion and result of sets to the setting of
msets. The concept of mset topological space (M-topological space, for short) and the concept of open mset were
introduced by Gerish and John [9]. More precisely, an M-topology is defined as a set of mset points. Furthermore,
the notion of basis, sub basis, closed sets, closure and interior in topological spaces were extended to M-
topological spaces and many related theorems also proved.

Mahanta and Das [10] studied the Semi Compactness in mset Topological space, by considering their properties.
They introduce the concepts of semi open and semi closed msets in M-topological spaces. With this generalization
of the notions of open and closed sets in M-topological space, they generalize the concept of compactness in M-
topological space as semi compactness. Furthermore, semi compactness is generalized as semi whole
compactness, semi partial whole compactness and semi full compactness. They also studied some of the
characterizations of these compact spaces in the setting of mset theory. Furthermore, Mahanta, [11] introduced
the concepts of exterior and boundary in mset topological space. They further established a few relationships
between the concepts of boundary, closure, exterior and interior of an M- set. These concepts have been
pigeonholed by other existing notions viz., open sets, closed sets, and limit points. The necessary and sufficient
condition for an mset to have an empty exterior is also presented and justified.

Sobhy. A. EI-Sheikh et al [12] extended the notion of Hausdorff topological space as T2 space, as part of the
separation axioms where the set upon which the topology is built is a mset and introduced, studied the notion of
mset bitopological spaces (M-bitopological space, for short). They further presented the notion of ij-pre-open
msets, ij-a-open msets, ij-semi-open msets, and ij-$-open msets. In recent years, neutrosophic soft bitopological
spaces have emerged as a promising framework for handling uncertainty and imprecision in various domains,
particularly in the context of decision-making problems. Hasan Dadas, [13] presents a comprehensive study of
advanced decision-making techniques using generalized closed sets in neutrosophic soft bitopological spaces.

In this paper, we extended the concept of M-bitopological space to Hausdorff M-bitopological space and
introduced operations on the various classes M-topological spaces to include submultispaces (submspace), union,
intersection,arithmetic multiplication, scalar multiplication and raising to arithmetic power and established that
these operations are closed on the various classes [14-16]. Consequently, we presented some basic definitions and
notations in section 2. In section 3, our results are presented and the summary of our findings are given in section
4,

2 Basic Definitions and Notations

Definition 2.1 Jena et al. [17] (mset): A mset A drawn from the set X is represented by a count function m, or C4
defined as C4: X — N, where N is the set of non-negative integers.

Here C4(x) is the number of occurrences of the element x in the mset A. The number C,(x) is assumed unique
and finite from known areas of applications.We present the mset A drawn from the set X = {x;, x,, x5, ..., x,,} as
A={m/x;,my/x,, M3/X5,..., M, /X, } Where m; = C,(x;) i =1,2,3,..,n in the mset A. However, those
elements which are not included in the mset A have zero count. i.e C4(x) =0 = x ¢ Aand (4(x) >0 <= x €
A. Amset M is called simple or singleton if and only if for any x, y € M, we have x = y. For example M = [k/x]
where k > 0. The mset M over the set X is said to be empty iff C,(x) = 0 v x € X. We denote the empty mset
by @ and C4(x) =0,V x € X.

Definition 2.2: Let A be a mset drawn from the set X. The root(support ) set of A denoted A* is defined: A* =
{x € X:C,(x) > 0}. Note that x € A* < x € A for all x.
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Definition 2.3 Singh et al. [1] (Cardinality of an mset): The cardinality of an mset A denoted |A|is the sum of the
multiplicities of all the elementsin A i.e |A] = Y .cx C4(x)

Definition 2.4 Singh et al. [1] (Finite mset): A mset A is said to be finite if and only if A is finite.
Note that A is finite if and only if |4| < o

Definition 2.5 Singh et al. [1]: A domain X, is defined as a set of elements from which msets are drawn. We
denote the mset space M (X) as the set of all finite msets whose elements are in X. i.e

If X = {x1, x5, .., x, }, then M(X) = {{ml/xl,mz/xz,m3/x3,...,mn/xn}}
x; € X,i =1,2,3,...,n. Note that M* € M(X) for which Cp+(x) =n & n =1 ([5])
Definition 2.6 Singh et al. [1] (mset relations and operations):
Let M,N € M(X). Then
i. (equality) M = N iff Cpy(x) = Cy(x) Vx € X.
ii. (submset) M < N iff Cy;(x) < Cy(x)Vx € X. Notethat €« N VN € M(X)
iii (mset union) P = M U N iff Cp(x) = Max{Cy(x), Cy(x)} Vx € X.
iv (mset intersection) P = M A N iff Cp(x) = Min{Cy,(x),Cy(x)}Vx € X
Y, (mset addition) P = M@®N iff Cp(x) = Cy(x) + Cy(x)Vx € X
vi (mset Difference) P = M © N iff Cp(x) = Max{C,,(x) — Cy(x), 0}l Vx € X.

viii ~ (mset arithmetic multiplication) P = MON iff Cp(x) = Cy(x).Cy(x) Vx € X.
iX (mset raisig to arithmetic power)

P = M™iff Cp(x) = Cyn(x) = (Cy(x))".
X (mset scalar multiplication) P = kM for k € {1,2, ... } iff Cp(x) = kCy(x)
all x € X.

Note that the operations W, and M ara commutative, associative and distributive over each other(see([1,18]). It is
also clear from the definitions that for any A, B € M(X), we have

(AvB)" =A"wB™and (A M B)™ = A™ M@ B™ where n € N, the set of nonnegative integers.
Definition 2.7 Gerish and Sumil [2] (power mset):

Let M € M(X) be an mset. The power mset P(M) of M is the mset of all submsets of M.
For example given that M = [x, x, y], we

have P(M) = [@, {x}, {x}, (¥}, [x, x], {x, ¥}, {x, ¥}, [x, x, y1]
The power set of an mset is the support set of the power mset and is denoted by P*(M).
Clearly, we have P*(M) = [, {x}, {y}, [x, x], {x, ¥}, [x, x, y]]| and P*(M) # P(M").

Definition 2.8 Gerish and Sumil [2] (M-topological space): Let M € M(X) and t  P*(M). Then 7 is called an
mset topology on M if t satisfies the following properties:

1. The mset M and the empty mset ¢ are in z.

2. The mset union of the elements of any members of t is in 7.
3. The mset intersection of the elements of any finite subcollection of 7 is in t.
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The ordered pair (M, 7) is called M-topological space. Each element in 7 is called open mset.

For example, let X be anonempty setand @ # M € M(X). Then (M, t) is an

M-topological space where T = P*(M). We denote the class of M-topological spaces by MTOP

Definition 2.9 Grish and Sumil [9] (Submulti space of an M-topology space): Let (M, 7) be an

M-topological space such that M € M(X) and N € M. Then the ordered pair (N, ty) such that

ty ={U € M(X):U =N nV,V € 1} is called submspace of the M- topological space (M, 7).

Definition 2.10 Sobhy et al. [12] (Hausdorff M-topological Space): Let (M, t) be an M-topological space where
M € M(X). If for every two simple msets {k,/x;},{k,/x,} € M such that x; # x,, then there exist G,H € T
such that {k,/x,} € G,{k,/x,} € Hand G " H = ¢. Then (M, ) is said to be a Hausdorff M- topological
space.We denote the class of Hausdorff M-topological spaces by HMTOP

Definition 2.11 Nelson [19] (M-Bitopological Space): An M-bitopological space is a triple (M, 7, T,) where
M € M(X) and t,,7, are arbitrary M-topologies on M. We denote the class of M-bitopological spaces by
MBTOP

Definition 2,12: Let (M, t,,1,) be M-Bitopological Space where M € M(X) and N € M. Then (N, t,y, Ton)

where T,y ={A=UAN,U€t}andt,y ={B=V AN,V e1,} is called a submspace of the M -
Bitopological Space.

3 Some Results

Proposition 3.1: Let (M, t) € MTOP and N,M € M(X)suchthat N € M. Then the submspace (N, ty) € MTOP.
Proof:

Let (M,t) € MTOP and N,M € M(X) suchthat N € M

Then we show that (N, 7y) € MTOP.

Since by definition, we have Ty = {U: U =NnAV,V € 1}

But ¢ = N n ¢ (since ¢ is an open setin (M, 7)) then ¢ is also open in (N, Ty).

Also, N = N A M and M is open in (M, t), then N is also open in (N, ty). Thus ¢, N € ty.

Let {A,}.c; be a collection of open sets in Ty, for each a € I there exist open set 8, € T suchthat A, = N n B,.
This implies Wpe; Ag =Uger (N A Be) = N A (Uaer (Ba)) € Ty

(since Wge; (Bo) € T). Therefore, the arbitrary union U,¢; A, IS 0pen in 7y.

Furthermore, supposed 44, ..., A,, are open msets in 7. Then there exist §;, ..., 8, € T such that A; = N n ;.
Thisimples A%, A; =N, (NAB) =N n (N, B;) € Ty (since AL, B; € T)

Therefore, A}, A; is open in ty. Hence, (N, 7y) is M-topological space.

In particular, (N, ty) € MTOP
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Definition 3.2 (Union): Let (M, t,), (N,t,) € MTOP where M,N € M(X).
The union of these M-topological spaces denoted (M, ) U (N, t,) is given by:

M, )uN, 1) =(MUN, 7, Ut,)wheret, U1, ={UWV|U € 1,,V € 1,}
Definition3.3(Intersection): Let (M, t,), (N, t,) € MTOP where M,N € M(X).

The intersection of these M-topological spaces denoted (M, t) M (N, 7,) is given by:

M, )N (N, 1) =(MAN, 1, mt,)wheret, M1, ={UAV|U € 17,V E 1,}

Definition3.4 (arithmetic multiplication): Let (M, t,), (N, t,) € MTOP where M,N € M(X)

The arithmetic multiplication of these M-topological spaces denoted (M,r)éw(N,rz) is given by:
M, 1)® (N,7,) =(M O N,1,01,) Where 1,01, ={U Q V|U € 1.,V € 1,}

Definition3.5 (mset multiplication): Let (M,7) € MTOP where M,N € M(X)
The mset multiplication N © (M, t) is defined by N © (M, ) = (N O M,N O 1)
where N Ot ={NQU|U € 1}
Definition 3.6: Let (M,7) € MTOP where M € M(X). The scalar multiplication
k(M,t) is defined by k(M, 1) = (kM, kt) where kt = {kU|U € 1} and k € {1,2, ... }.
Definition 3.7: Let (M,7) € MTOP where M € M(X). Raising (M, 7) to arithmetic
power n denoted (M, 7)™ is defined by (M, )" = (M™, ™)
where t* = {U"|U € 1}, n € {1,2, ... }.
Proposition 3.8: Let M, N € M(X). Then
i M,t)A(N,t,) €E MTOP = (M, 1) U (N, T,) € MTOP

ii. M,t,)A(N,t,) €E MTOP = (M,t,) N (N, T,) € MTOP

iii. (M,7) € MTOP = N ® (M,7) € MTOP

iv.  (M,7) € MTOP = (M,7)" € MTOP

V. (M,7) € MTOP = k(M,7) € MTOP
Proof:

i. Now (M,7,) U (N,7,) = (MWUN, 7, UT,)wheret, Ut, ={UWV|U € 1,V € 1,}

Notethat U MAVEN=UWUV cMUN.

Since ®,M € 7, and §,N € 7,,wehave U@ =@,MUN € 7, U T, (D)

Let {U, v Vﬁ}a,ﬁez be a collection of open sets in 7, U t,, for each a, 8 € I

Now u {U, WV} = (W U,) W (¥ Vp).
Since W U,, € 7; and U V € 7, (by hypothesis)

We have (¥ U,) U (W V) € 7, U 7,(by definition)
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In particular, W {U, u V3} € 7, U T,
Let {U; WV, U, WV, ..., U, WV, } be any finite collections in 7; U ,
We have ni_; (U; W V) = (A2, Uy W (R, V).
Since M-, U; € 7, and A, V; € 1,(by hypothesis), then we have
A (U W V) = (A U)W (A V) ET 0T,

It’s clear that (M, 7,) U (N, T,) € MTOP (from 1-3)

ii. Now,(M,7) N (N,t,) = (M AN, 7, Mmt,) wheret, M1, ={UNV|U € 1,V € 1,}
Notethat Uc MAVcN=UAVcMAN
Since,M €, and 3,N € 7,,wehave 0 " @ =@,M AN € 1, A T,

Let {U, A Vﬁ}aﬁa be a collection of open msets in 7, M 7,, for each a, B € I

Now A {U, AV} = (A Uy) A (A V).
Since A U, € 7, and A V3 € 7, (by hypothesis), We have (" U,) A (A V) €7y M T,
(by definition). In particular, A {U, AV} € 7, M 1,
Let {U; AV, U, AV, ..., U, V., } be any finite collections in 7, @ 72
We have W, (U; A V) = (W™, U;) A (W, V).
Since Wi, U; € 7, and Wi, V; € 1,(by hypothesis), then we have
Wing (Ui V) = (WL, U) AW V) ETy AT,

It’s clear that (M, 7,) M (N, t,) € MTOP (from 4-6)

iii. Now N O (M,7) = (N O M,N ©O 1) where N © 7 = {N © U|U € t}(by definition)
Notetht US M = NQOUCSNQOM.

Sinced,M e, wehave NOO=0€eNQOQrtandNOMEeENQOT

@

@)

(4)

®)

(6)

U]

Let {Aq}qes e acollection of open setsin N O t, for each a € I there exist open set B, € T suchthat 4, = N ©

By This implies:
Waer Aa T YWaet (N O Ba) =N O (Wae B)) ENOT
(since W,¢; (B,) € T by hypothesis)

Therefore, the arbitrary union U,¢;A, isopenin N O .

®)
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Furthermore, Supposed 4, ..., A,, are open msets in N O
Then there exist B4, ..., B, € T suchthat 4; = N © B;. This imples
N A =N, (NOB) =N O (AL, B) €N O t(since N, B; € T) by hypothesis)
Therefore, \., A, EN O T )
Hence, N © (M, t) € MTOP (from (7-9)
iv. Now (M, 7)™ = (M™,t™) where t" = {U"|U € t}, n € {0,1,2, ...} (by definition)
Thus, for n = 0, we have (M, 1)° € MTOP ([10])
NotethatU €¢ M = U™ €« M"
Forn > 0 we have ¢ = ¢™, M™ € 1™ (Since ¢, M € t (by hypothesis)) (10)
Let {Ug}aer be a collection of msets in 7
Now WUZ = (WU )™ ([9]). But WU, € t(by hypothesis)
Thus (WU,)™ € 7™ .In particular, YU} € " (11)
supposed {U}', U} ..., U} be a finite collection of msets in 7™ such that U; € ©
Now NI, U = ("}, U)™ ([9]). But ni-, U; € 7 (by hypothesis).
Thus, (n}., U)™ € ™
In particular, ., U € " (12)
Hence, (M, 7)™ € MTOP (from (10-12) above)
v. Notethat U € M = kU < kM
Now k(M, 1) = (kM, k1) where kt = {kU|U € t}and k € {1,2, ... }(by definition)
Since (M,7) € MTOP then ¢, M € T and k¢p = ¢, kM € kt (by hypothesis) (13)
Let {kA,},c; be a collection of msets foreacha € ITand A, € T
Now WkA, = kWA, .
But WA, € 7 (by hypothesis)
Thus, kWA, € kt
In particular, WkA, € kt (14)
Let {kA,, kA,, ..., kA,} be a finite collection of msets in kt such that A; € 7.
Now M7, k4; = k(A 4;)

But N, A; € T (by hypothesis)
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Thus, k("7 4;) € kt
Thus, N, kA; € kt (15)
In particular, k(M, ) € MTOP(fron (13-15) above)

Proposition 3.9: Let (M,7) € HMTOP and N,M € M(X)such that N € M. Then the submspace (N, ty) €
HMTOP

Proof:

Clearly, (N,7y) € MTOP (by proposition 3.1)

Let {k,/x} and {k,/v} be two simple msets such that {k,/x},{k,/y} € Nand x # y
Thus, {k,/x},{k,/y} € M (since N € M)

We have U,V € t such that

{ki/x} = U, {k,/y} € Vand U A V = ¢ (by hypothesis and definition)

Thus, we have A,B € Ty suchthat A=NnUandB=NnV
ButAnB=(NAU)ANAY)=NAUAV)=NAG=0

Since {k;/x},{ky/y} € N and {k;/x} = U, {k,/y} €V, we have {k;/x} c NAU=A and {k,/y} = N A
V =BsuchthatAnB =0

So that (N, ty) € HMTOP
Proposition 3.10: Let (M, t) € HMTOP where M € M(X). Then

i. (M, T)" € HMTOP
ii. k(M,T) € HMTOP

Proof:
i. Giventhat (M,7) € HMTOP. It’s clear that (M,7) € MTOP (by definition)
Thus, (M, )" = (M™,t™) € MTOP (by proposition 3.8)

Let {k7'/x} and {k}/y} be two simple msets such that {k}/x}, {k}/y} € M™ and x # y where k,, k, > 0 and
{ky/x} {k2/y} € M.

Thus we have U,V € t such that

{ki/x} € U, {kp/y} €V and U nV = @ (by hypothesis and definition) (16)
But But {k, /x} € U = {kI'/x} € U™, 17)

tko/yy eV ={ki/yyc V" (18)
and

Urnvt=WUnV)"=0"=0 (9] (19)
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Since U,V € t, we have U™, V™ € " (by definition)

In particular (M™,t™) € HMTOP (from (16-19)

ii. Giventhat (M,t) € HMTOP. 1t’s clear that (M, t) € MTOP (by definition)
Thus, k(M,t) = (kM, kt) € MTOP (by proposition 3.8)

Let {kk,/x} and {kk,/y} be two simple msets such that {kk,/x},{kk,/y} < kM and x #y where
{ki/x},{k;/y} € M.

Thus we have U,V € 7 such that {k, /x} € U, {k,/y} €V and U NV = @ ( definition), (20)
But {k,/x} € U = {kk,/x} € kU, (21)

{ko/y} €V = {kk,/y} € kV (22)
kUNkV =k(UnV)=ko=0(9]) (23)

Since U,V € t, we have kU, kV € kt(by definition)
In particular (kM, k7) is Hausdorff (from 20-23)
Thus, k(M,t) € HMTOP

Proposition 3.11: Let (M,7,,7,) € MBTOP where M,N € M(X) such that N @ M. Then (N, 1y, T,y) €
MBTOP.

Proof:

Sincetyy ={A=UAN,U € 1.}, 7,y ={B =V AN,V € 1,} (by definition)
It’s clear that (N, t,y), (N, T,5) € MTOP (Proposition 3.1)

In particular, (N, T,y, T,5) € MBTOP (by definition)

Definition 3.12: Let (M, 14, T5), (M1, T11, T12), (M5, T4, T22) € MBTOP

where M;, M,,M,N € M(X). We define union(L1), intersection(r), mset multiplication and raising to arithmetic
power as follows respectively:

(Ml’ Tll’le) (| (MZ'TZDTZZ) = ((U]2=1 M]), Tli V) Tzi,),i = 1,2 Where
71 U Ty = {Uy; WVy|Uy; € T3, Vo € T2},
(My,T11,T12) 1 (My, Tp1,Typ) = ((mle M;), 7y M rzi,),i = 1,2 where

Ty M Ty = {Uy AV Uy € 144, Vo € 1233,
N@TZZ{NGVlVETZ}.

M, 7y, )" = (M™, t, t3) where tf' = {U™|U € 7.} and 7§ = {V*|V € 7,}
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kM, t,,1,) = (kM, k14, kT,) Where kT, = {kU|U € t,} and k1, = {kV|V € 1,}
Proposition 3.13: Let (M, t4,7;), (M4, T11,T12), (My, T34, T22) € MBTOP
where M;, M,,M,N € M(X) . Then
i. (M, T14,T12) U (M, T4, T2,) € MBTOP
ii. (M, T11,T12) N (My, T4, T2,) € MBTOP
iii. NO(M,ty,71,) € MBTOP
iv.  (M,ty,7,)" € MBTOP
v.  k(M,t,,1,) € MBTOP
Vi. (M,7, n1,) € MTOP
Proof:
i (My, 701, T05) U (My, T, T2) = (920 M), 70U 755, )i = 1,2 where
T1; U Ty = {Uy; WV |Uy; € 744, Vai € Ty;) (DY definition)
Now ((u]?:1 M;),ty; U Tzi.) € MTOP Vi (Proposition 3.8)
In particular, (M;, 11, T12) U (M,, 721, T22) € MBTOP(by definition)
il (My, 710, T10) 1 (My, Ty1) Typ) = ((m}=1 AR rzi,),i = 1,2 where
Ty M Ty = {Uy; A Vo Uy € 145, Vai € To;3(by definition)
Now ((m]?:1 M;), 7y M Tzi') € MTOP Vi (Proposition 3.8)
In particular, (M;, 11, T12) N (M5, T51,T22) € MBTOP(by definition)
iii. NOW,t,1,)=(NOM,NO1,NOT,)where NO 1, ={NOQU|U € 14}
and N © 7, = {N O V|V € 1,}(by definition)
Now (N ®O M,N ®1,),(NOM,N ® 1,) € MTOP(Proposition 3.8)
In particular, (N ©® M,N © t,, N © t,) € MBTOP (by definition)
iv. (M,tq,7,)" =M™, 1], 13) where 1] = {U™|U € 7.} and 3 = {V™|V € 1,}
(by definition). Now, (M™, '), (M™, t}) € MTOP(Proposition 3.8)
In particular, (M, 7,,7,)™ = (M™, t1",73) € MBTOP(by definition)
V. k(M,t,1,) = (KM, kty, kt,) wWhere kT, = {kU|U € 1.} and kt, = {kV|V € 1,}
(by definition). Now (kM, kt,), (kM, kt,) € MTOP(Proposition 3.8)
In particular, k(M, 7., 7,) = (kM, kt,, kt,) € MBTOP(by definition)
vi.  Given that (M, 1,,7,) € MBTOP, we show that (M, 7, N 7,) € MTOP

Since 7, and t, are two topologies defined on M. Then ¢, M € 7, and ¢, M € 1,

28



Tella and Usman; Asian Res. J. Math., vol. 20, no. 8, pp. 19-32, 2024; Article no.ARJOM.120197

(by definition). Thus, ¢, M € 7, N T, (24)
Let {4, € T, N 1,} be an arbitrary collection Then we show that

WA ETyNT, . NOWA, ETyNT, = A, ETyand A, €1,

But 4, € 1, =W A, € T1and A, € T, =W Ay € T, (by hypothesis and definition).

Thus, A, ET,NT, WA, ETL N T, (25)
Let {4,,4,, ..., A, } be a finite collections such that 4; € 7, N 1,

Now 4; ETy N1, = A; ET1y and 4; € 1,. But 4; € 1, =>nj.; 4; € 7, and

A; € T, =ML, A; € 1, (by hypothesis and definition)

In particular, 4; €T, N1, =N, 4, ET;NT, (26)
Thus (M, 7; N7,) € MTOP (from 24-26 above)

Definition 3.14: Let (M, t,,7,) € MBTOP. Then (M, 14, T,)

Is a Hausdorff M-bitopological space if and only if for any

simple mset {k,/x},{k,/v} € M with x # y, thereexistU € 7, and V € 1,

suchthat {k,/x} € U, {k,/y}cVandUNV = ¢,

Example 3.15:

LetM ={3/a,4/b,2/c,1/d} be an mset, 7, = {X, $,{3/a},{2/b},{3/a,2/b}} and

T, = {X, ¢,{2/a},{2/c}, {2/a,2/c}} be two M-topologies. Then, (M, t,,7,) is Hausdorff mset bitopological
space. We denote the class of Hausdorff mset bitopological space by HMBTOP

Proposition 3.16: Let (M, t,,7,) € HMBTOP and N € M(X)
suchthat N € M. Then (N, t,y,T,ny) € HMBTOP
Proof:

Let (M, t,,7,) € HMBTOP and (N, T,y, Toy) be its submspace. The we show that (N, T, y, Toy) is Hausdorff M-
bitopological space. Clearly

(N,t1n,T2n) € MBTOP € (by definition and proposition 3.11).

Let {k,/x},{k,/y} € N such that x # y. Since N € M, then {k,/x},{k,/y} € M.

Since (M, 4, t,) € HMBTOP (by hypothesis), we have A € t; and B € t, such that

{ki/x}c A, {k,/y}cBandAnB =¢

ButAet, =NmnA€er,yand B € T, = N A B € 1,y. In particular, {k;/x} €« Nm Aand

{ky/v}e NAB.BUU(NNAAWNNMNB)=NAANB)=NAQ=0
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Hence, (N, Tyy,T,n) € HMBTOP.
Proposition 3.17: Let (M, t,,7,) € HMBTOP. Then

i. (M,7,,7,)" € HMBTOP forn € {1,2, ...}
ii. k(M,t,,1,) € HMBTOP forn € {1,2,...}

Proof:

i Clearly, (M, t,,7,) € HMBTOP = (M, t,,7,) € MBTOP (by definition)
Thus, (M, t,,7,)™ € MBTOP (Proposition 3.13)
We show that (M, t,,7,)" is Hausdorff
Now let {k7/x}, {k%}/y} € M™ such that {k,/x},{k,/y}c Mandx # y
Thus, we have U € t; and V € 7, such that {k,/x} c U, {k,/y}cVandUNNV =0
(by hypothesis and definition)
But{k,/x} c U= {ki'/x} c U" and {k,/y} c V = {ki/y} c V"
Notethat U € 1, = U™ € 1} and V € 7, = V™ € t7(by definition) .
Thus, U" AV = (U A V)" =@" =@ and (M, 7, 7,)" = (M™, ], 7}) is Hausdorff.
In particular, (M, t,,7,)™ € HMBTOP.

ii. Clearly, k(M,t,7,) € HMBTOP = k(M,t,,7,) € MBTOP (by definition)
Thus, k(M,1,,T,) € MBTOP (Proposition 3.13)
We show that k(M, t,, 7,) is Hausdorf. Since k(M, t,,t,) = (kM, kt,, kT,) where
kt, = {kU|U € t,} and kt, = {kV|V € 1,}, k € {1,2, ...} (by definition),
Let {k ki/x},{k k,/y} € kM such that {k,/x},{k,/y} € Mand x # y.
Thus, we have U € t; and V € 7, such that {k,/x} c U, {k,/y}cVandUNNV =0
(by hypothesis and definition).
But{k,/x}c U= {kk,/x} = kUand {k,/y}cV = {kk,/y} c kV.
Note that U € 7, = kU € k1, and V € 1, = kV € kt,(by definition) .
kKUMNKV =k(UNV)=k® =@ and k(M, t,,t,) is a Hausdorff

In particular, k(M, 1, 7,) € HMBTOP

4 Conclusion

In this article certain operations has been introduced and studied on the various classes of mset topological spaces
to include submspace, union, intersection, multiplication, raising to arithmetic power and scalar multiplication.
The study of these operations reveals that these operations are closed on the class of M-topological spaces and M-
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bitopological spaces. However, only the submspace, raising to arithmetic power and scalar multiplication
operations are closed on the classes of Hausdorff M-topological space and Hausdorff M-bitopological spaces.
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