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Abstract
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1 Introduction

Zadeh [1] introduced the IVFS, which is a subset of fuzzy sets and is distinguished by its fuzzy membership
function. Li [2] introduced three types of distance between two IVFS (or numbers) are defined real line R and
pointed out that each type of distance is a metric on the associated sets, and underlined that the metric space
for any IVFS of numbers is complete. Shen, Li, and Wang [3] came up with the concept of IVFMS, which
generalises fuzzy metric space based on the ideas of George and Veeramani [4]. Kramosil et al. [5] initially
suggested fuzzy metrics, and instantly Kaleva et al.[6] and Abu Osman [7] used two distinct ways to create an
independent, densely fuzzy metric space. The concept of weakly commuting maps on Probabilistic Metric spaces
were introduced by Singh et al. [8]. Kumar and Chung developed some common fixed point theorems in metric
space using R-weakly commutative and reciprocal continuity of mappings. Mihet [9] used a contractual need
satisfying an explicit relation to derive a widely used proof theorem. Fixed point results in Fuzzy Menger Space
with Common Property and Fixed point results for P-1 Compatible in Fuzzy Menger Space were worked on by
Ruchi Singh et al. [10] and [11]. It is clear from a literature review that no effort has been made to derive fixed
point theorems with the requirement of occasionally weakly compatible (OWC) mapping on IVFMS. Sewani et al.
[12] applied the fuzzy iterated contraction abstraction to create some new results in intuitionistic-fuzzy metric
space. Here, we have derived several approximate points for OWC mappings satisfying explicit relationships
using IVFMS.

2 Preliminaries

Definition2.1 [3]: Assume that Q is a typical non empty set.

The mapping R, : Q@ — [Li] is referred to as an interval-valued fuzzy set on Q. IVF(Q) is used to identify all
interval-valued fuzzy-set on Q.

If Ry € IVF(Q), let R (0™)=[R0m (™), R (0™)], Rim (™) < N1 (9*) for all p* € Q, then the conventional
fuzzy-set R,,, : Q — [I;y] and R}, : Q — [Iiv] are referred to as the Lower*-fuzzy-set and Upper*-fuzzy-set
respectively. In particular, %, is referred to degenerate fuzzy-set if R, (p*) = R, (p*) for any p* € Q.

Definition2.2 [3]: A binary operation of the form is an interval-valued Tporm is *r1,, : [Liv] X[Liv] = [Liv]
on [I;,]. All four of the following conditions are satisfied for v, ds, 7 € [Liv]:

(1) Commutativity: Vo *1,, O = O0a *1,, Tod,

(2) Associativity : Voa *1;, [0 *1;, Toa] = [V *1;, Ona] *1;, 754,

(3) Monotonicity : Vs *r1,, 0w < s *1,, 75¢ Whenever o < 7,

(4) Boundary condition; Y *1,, 1 = i, Vo« *1,, 0 = [oa, 5] *1 [0, 1] = [0, %]

Example 1:(i) Vo *1,, 00 = [Yoa -0, o0 -0k ];
i) Yoo 1, O = [0 A G, Yok A O]

Definition2.3 [3] : Let {awa, } = {[ax, o]}, 7o € R be a sequence of interval-numbers in [I;], dx = [aix, a5
€ [Liv], if limyy, o0 Oy, = Qg and limy), o0 o@na = o4%, then we say that the sequence {o7,} is convergent to
o , and which is denoted by lim,, co sy, = .

Definition2.4 [13] : An interval-valued Tpnorm *1,, is continuous if and only if it is continuous in its first
component,
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i.e., for each fw € [Liv], ifilimwHOQ A, = O - -
then limna—>oo (aipqna *1 /BM ) = ( limna_)oo @Nna *Iiy BM ) = ax *Ti0 ,qu, where {@Mna} Q [L;UL ax € [Iw]

Definition2.5 [4] :If Q is a temporary set, 7, is a continuous interval-valued Tnorm on [I;y], and is an IVF(Q)
on Q% x (0,00) meets the following conditions, the triple (Q, d, ;) is know as IVFMS on Q:

following requirements:

1) d(p", 0" Tnorm) > 0;

2) d(p*, 0", Thorm) = 1 if and only if p* = p*;

3) d(p", 0", Tnorm) = d(0", 9", Tnorm);

4) d(p”, 0", Tnorm) *1 (™, 1, s) < d(p™, 7, Thorm + 5);

5) d(p*, 0%,.):(0,00)— [I] is continuous;

6) lim,; 00 d(p*, 0", Thorm) = 1, where p*, 0*;r € Q and Tnorm,s> 0.

Definition2.6 [4] : Let (Q,k, *7) is an IVFMS,

(1) For all p*, 0" € Q, if s > Tporm> 0 then k(p*, 0" ,Tnorm) < k(p™, 0*,8).

(2) A sequence {g,,} in Q is referred to as a cauchy sequence if for all £ > 0 and T,orm>0, there is an exits a
Nao € N such that k(py,,00,,Tnorm) > 1 - & for all n4,e > Nao-

(3) An IVFMS in which every cauchy sequence is convergent, is said to be a complete IVFMS .

Definition2.7 [14] : In interval-valued-metric-space, a function is continuous iff p,, — p*, or, — 0" = lim,, 5
k(©na:0nasTnorm) = k(9" " Tnorm ).

Definition2.8 [15] : Assume that Q is a non-empty set and that Y and Z are the self-maps of Q. A point
" in Q is said to be coincidence point of Y and Z iff Yp* = Zp*.

Definition2.9 [16] : Two mapping Y and Z on IVFMS (Qk,*;) are weakly compatible by the expression
f k(YZp*, ZY 0" ,Tnorm) > k(Yp*, 20" ,Tnorm) for Thorm (0 and p* € Q.

Definition2.10 [15] : Two mappings Y and Z on IVFMS (Q,k, *1) are
compatible iff for sequence {pn,} in Q, k(YZ{©x, },ZY{9n, },t)— 1 whenever F{p,,} — v, G{pn.} — v for some

v EQ.

Definition2.11 [15] : Two mappings Y and Z on IVFMS (Q,)k, *;) are said to be OWC iff there exits a
coincidence point p* of Y and Z in Q such that Y and Z commutes at the point.

Definition2.12 [17] : Two mappings Y and Z on IVFMS (Q.k, *;) then they are said to satisfy E.A property
if there exists a {py, } in Q such that lim,, oo F{pn,} = limy,,ccG{pn.} = v, v € Q.

Lemma2.13 [4] : IVFMS (Q,k, *7) is non-decreasing for all p*, 0" € Q.
Proof: Proof is followed by the definition of Interval-valued fuzzy metric space .

Lemma2.14 : If for all p*, 0* € Q, Thorm > 0 and for a number he(0,1),
k(p™*, 0°, hTnorm) > k(p*, 0", Thorm) then p* = p*.

3 Results and Discussion

Theorem3.1 : Let (Q,k, 1) be a complete IVFMS and let A,B,C,D,E,F,G and H be self mappings of Q. Let
{AB,CD} and {EF,GH} are pairs of OWC mappings. If there exits he(0,1) such that
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k(CDp*,GHo", Tnorm ), k(CDp*, ABp", Tnorm),
k(ABp*, EF 0", hTnorm) > min |K(EFo*, GH 0", Thorm),kK(ABp*, GH 0", Tnorm ), | ----- (3.1)
]k(EFQ*, CD/)*7 Tnor'm)

for all p*, 0* € Q and Tnorm >0, then there exit unique points wy,,, 2, € Q such that ABwy,, = CDw;,, = w;,,
and EF'z;,, = GHz,, = z,,. Moreover, for z,, = wy,;,, A,B,C,D,E,F,G and H has unique common fixed point

in Q.

Proof : Let us consider that {AB,CD} and {EF,GH} are pairs of OWC, therefore for p*, 0", € Q we have
ABp* = CDp* and EFp* = GHp".

Now we claim that ABp*=EFo".

If not, then by inequality (3.1) we have

k(CDp",GHo", Tnorm ), k(CDp*, ABp", Tnorm),
= k(ABp*, EF 0", hTporm) > min |k(EF¢*, GH 0", Thorm ), K(ABp*, GH Q" , Tnorm),
k(EFo*,CDp*, Tnorm)

k(ABp*, EF 0", Tnorm ), kK(CDp*,CDp*, Tnorm),K(EF 0", EF 0", Tnorm),

= min * * * *
k(ABP ,EFp 7Tnorm)7k(EFQ ,ABp 7Tnorm)

> min [k(ABp*, EF 0", Tnorm), 1, 1,k(ABp*, EF 0", Tnorm), K(EF 0", ABp*, Tnorm)]

Therefore ABp* = EFp*, i.e. ABp® = CDp* = EFo¢* = GHp". Suppose that z;, is another point in
Q such that ABz;, = CDz;, then by (3.1), we have ABz;,=CDz,,=FEFo"=GHp", so ABp*=ABz;, and
ABp*=CDp*=ws,.

Now by Lemma 2.13, wy,, is the common fixed point of AB and CD, and it is unique.

In the same way, there is a unique point z;;, € Q such that z;,=FEFz;,,=GH z,,.
Assuming that wy,, # 2, we have

k(w:;n Z:p7 thorm) = k(ABwﬂip7 EFZ:.pv thm'm)

k(CDwy,,, GH 24y, Tnorm ), K(C Dwy,,, ABwsp, Trorm ), K(EF 2y, GH 2y, 5, Tnorm),:|

.
= mn { K(ABw},, GH 2z, Tnorm ), K(EF 2y, CDWy, Tnorm )

= min (k(w;py Z:pr Tnorm)v k('ll);py w;p, Tnorm), k(Z:;p, Z;p, Tnorm), k(w;p7 z;p, Tnorm),
k('z:pa pra T’norm)
> min [(]k(w;jp, Zips Trorm )y L, L K(Wip, 2y Trorm ), K(Zip, Wip, Tnmm)]
2 ]k(w’z:p7 Z;py Tno'r'm)
by Lemma 2.13, we have wy, = zy, and zy,, is the common fixed point A,B,C,D,E,F,G and H. The uniqueness
holds from (3.1).

Theorem3.2 : Let (Qk, *;) be a complete IVFMS and let A,B,C,D,E;F,G and H be self mappings of Q.
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Let {AB,CD} and {EF,GH} are pairs of OWC mappings. If there exits he(0,1) such that

k(CDp*v GHQ*» Tnorm)7 k(CDP*7 ABP*7 Tnorm):
k(ABp™, EF 0", hTnorm) > ¢ | min |k(EF ", GH 0", Tnorm), K(ABp*, GH 0", Tnorm ), | | - (3.2)
k(EFQ*7 CDP*, Tnorm)

for all p*, 0" € Q and ¢ € *; for all 0 < Thorm < 1, then A,B,C,D,E,F,G and H has unique common fixed point
in Q.

Proof: As proved in the theorem 3.1.

Theorem3.3 : Let (Q, k, *7) be a complete IVFMS and let A,B,C,D,E,F,G and H be self mappings of Q.
Let {AB,CD} and {EF,GH} are pairs of OWC mappings. If there exits h€(0,1) such that

k(CDp*,GH 0", Tnorm),k(CDp*, ABp™*, Thorm),
k(ABp™, EF 0", hTnorm) > ¢ |K(EF0*, GH 0", Tnorm), K(ABp*, GH 0*, Trnorm), | - (3.3)
k(EFo*,CDp*, Thorm)

for all p*, 0* € Q and ¢ : [I;,]®> — [Iv] so that
(Tnorm, L, 1, Tnorm, Tnorm) > Tnorm for all 0 < Tnorm < 1, then A,B,C,D,E,F,G and H has unique common fixed
point in Q.

Proof: Let us consider that {AB,CD} and {EF,GH} are pairs of OWC, therefore for p*, 0", € Q, we have
ABp* = CDp* and EF " = GHp". Now we claim that ABp*=EFp".
If not, then by inequality (3.3). We have,

k(CDp*7GHg*vTHOTm)7k(CDp*7ABP*7Tn0Tm)7
k(ABp*vEFQ*7thOT‘m) 2 SD k(EFQ*7GHQ*7T”7«D”‘m)?k(ABp*’GHQ*aT”C'Tm)v
k(EFo*,CDp*, Tnorm)

k(ABp*, EF 0", Tnorm ), kK(ABp*, ABp™, Thorm ), K(EF 0", EF 0", Thorm),
]]((ABp*, EFQ*, TTLOT"’YL)7 k(EFQ*, AB/)*: Tnorm)

2 [k(ABp*7EFQ*7Tn0Tm)7iai7k(ABp*vEFQ*aTTLOTm)vk(EFQ*7ABIO*7TnOTm)]

> k(ABp*, EF 0", Tnorm)

Therefore ABp* = EFg*, ie. ABp" = CDp" = EFo" = GHp". Suppose that z;, is another point in Q
such that ABz,, = CDz,, then by (3.3). We have ABz,,=CDz,,=EFo"=GHo", so ABp*=ABz,, and
ABp*=CDp*=uw,, is point of coincidence of AB and CD.

Now by Lemma 2.13, wy,, is the common fixed point of AB and CD, and it is unique.
In the same way, there is a unique point z;;, € Q such that z;,=FEFz;,,=GH z,,.
Hence z,, is the common fixed point A,B,C,D,E,F,G and H.

Example: Let I = [0, 1] with the usual metric k (p*, 0%, Tnorm) = |TnormpP™ — Thorm@”| and set up the following
maps:

ABp* = % for pin [0,1] , CDp* = % for pin [0,1], EFp* =1 for p in [0,1], GHp* = i for p in [0,1], {AB,CD}
and {EF,GH} are pair of OWC mapps. Putting ¢(51,52,93,84,85) = -$1 + 2min (s2,53)+ 5(sa-+s5). we get
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k(CDp*,GH", Tnorm),k(CDp", ABp", Tnorm),
]1&(143[)*7 E’F‘Q*7 thoT‘m) Z %2 k(EFQ*, GHQ*y Tnorm); k(ABP*7 GHQ*, Tnorm)a
k(EFQ*7 CDP*, Tnor'm)
- 1|: 14 1911 1 13 11 1
= ztamax(3,3) +3GT) 23 +5G) +56G) 2%
The eight maps accept 1 as the unique fixed point between them, and hence, all of the theorem’s requirements
are satisfied.

Theorem3.4: Let (Q)k, *7) be a complete IVFMS and let A,B,C,D,E,F,G and H be self mappings of Q.
Let {AB,CD} and {EF,GH} are pairs of OWC mappings. If there exits he(0,1) such that

* * : k(CDp*vGHQ*7Tn0Tm)7k(CDp*7ABp*vT”wT’m)’
SmIn | o o o s T
]k(ABp BFe 7hﬂwrm) = k(EFQ*7GHQ*7Tnorm)vk(ABP*7GHQ*,TnO?"m)

for all p*, 0" € Q and Tporm >0, then A;B,C,D,EF G and H has unique common fixed point in Q.

Proof: Let us consider that {AB,CD} and {EF,GH} are pairs of OWC, therefore for p*, 0", € Q we have
ABp* = CDp" and EFp* = GHp".

Now we claim that ABp*=FEFo".

If not, then by inequality (3.4) we have

Jk(CDp*, GHQ*, Tno'rm), k(CDp*, ABP*, Tnor'm)7

* * > .
k(ABp™, EF ", hTnorm) 2 min {k(EFQ*,GHQ*,Tnorm),k(ABp*,GHQ*ﬂ'norm)

= |k(EFo*, EF0", Thorm), k(ABp*, EF 0", Tnorm)
> k(ABp*, EF 0", Tnorm)

k(ABp*v EFQ*a Tnorm)v k(CDp*v CDp*? TnOTm)7:|

Therefore ABp* = EFo*, i.e. ABp* = CDp* = EFp" = GHp". Suppose that zy, is another point in Q
such that ABz,, = CDz,, then by (3.4). We have ABz,,=CDz;,=EFo"=GHo", so ABp*=ABz,, and
ABp*=CDp*=w,,,.

Now by Lemma 2.13, wy,, is the common fixed point of AB and CD, and it is unique. In the same way, there is
a unique point z;, € X such that z;,=FFz,,=GHz,,. Hence wy,is the common fixed point of A,B,C,E,F,G
and H. The uniqueness Of w;,,holds from (3.4).

Corollary3.5 : Let (Q, k, *7) be a complete IVFMS and let A;B,C,D,E,F,G and H be self mappings of
Q. Let {AB,CD} and {EF,GH} are pairs of OWC mappings. If there exits he(0,1) such that

k(CDp*,GH 0", Tnorm), k(CDp*, ABp*, Trorm),
k(ABp*, EF 0", hTnorm) > min |K(EFo*, GHo", Thorm ), K(ABp*, GH 0*, Trorm), | - (3.5)
k(EFo*,CDp*,2Tnorm)

for all p*, 0™ € Q and Tyorm > 0, then A B,C,D,E,F,G and H has unique common fixed point in Q.
Proof: We have

k(CDp*, GHQ*, Tnorm), k(CDP*, ABP*, Tno'r'm)7

k(ABp*, EF 0", hTnorm) > min |K(EFo*, GH 0", Thorm ), K(ABp*, GH 0", Tnorm),
k(EFo*,CDp*,2Tnorm)
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N {k(CDp*, GH 0", Thorm),kK(CDp*, ABp*, Trorm), k(EF 0", GH ¢*, Tnorm)7:|

k(ABp*,GHQ", Tnorm),k(CDp", GHQ", Tnorm ), K(EF¢", GHQ", Tnorm)

> min {]k(CDp ,GHQ", Tnorm),k(CDp*, ABp™, Thorm ), k(EF0*,GHp ,Tnmm),}

]1((14Bp*7 GHQ*7 Tnorm)
From Theorem 3.4, unique common fixed point exists for A,B,C,D,E,F,G and H.

Theorem3.6 : Let (Q, k, 1) be a complete IVFMS and let A,B,C,D,R and V be self mappings of Q. Let
{R,AB} and {V,CD} are pairs of OWC mappings. If there exits h€(0,1) such that

k(ABp*v CDQ*a Tnorm), k(ABp*v Rp*a T’ﬂm‘m)’
k(Rp*, V0", ATnorm) > min | k(Vo*,CDo*, Thorm ), K(Rp*, CDo*, Thorm), | - (3.6)
]k(VQ*, ABP*,Tnorm)

for all p*, 0" € Q and Tnorm >0, then there exit unique points wy,, z;,, € Q such that ABwy, = Rwy, = wy,
and CDzy,, = Vz,, = z,,. Moreover, for z;,, = w.,,, A,B,C,D,R and V has unique common fixed point in Q.

Proof: Let us consider that {R, AB} and {V,CD} are pairs of OWC,
therefore for p*, 0", € Q, we have ABp* = Rp* and CDp" = V.

Now we claim that Rp* = V™.
if not, then by inequality (3.6) we have

k(ABp*,CDg", Tnorm),k(ABp", Rp", Thorm),
]k(Rp*, Vo', hTnorm) > min | k(Vo*,CDo", Thorm), k(Rp*, CDo", Tnorm ),
k(Veo", ABp™, Tnorm)

k(Rp*, VQ*, Tnorm)7 k(RP*q RP*7 Tnorm)7 k(VQ*, VQ*7 T’norm)7
k(Rp*, V0", Thorm), k(Vo*, Rp*, Trorm)

= min

> [k(RQ*, Vp*7 Tnorm)7 L L k(RP*7 VQ*7 Tnorm)k(VQ*v RP*, Tnorm)7]

2 min [k(Rp*, VQ*7 Tno’r'm)}

Therefore ABp* = Ro", i.e. ABp" = Rp* = CDp" = Vp*. Suppose that z;, is another point in Q such that
ABz,, = Rz,, then by (3.6). We have ABz,,=Rz,,=CDo"=V ", so ABp*=ABz,, and ABp*=Rp*=w,,,.
Now by Lemma 2.13, wy,, is the common fixed point of AB and R, and it is unique.
In the same way, there is a unique point z;;, € Q such that z;,,=CDz;,=Vz;,.
Assuming that wy,, # z,, we have
k(w:pv Z;p7 thorm) = k(R’LUZP, VZ’ljpa thm"m)
> min {k(ABw;p, CDzyy,, Tnorm), K(ABwy,, Rwyp, Thorm), kK(V 25, C Dz, Tnm«m),:|
= k(Rwyy,, CDzypy Tnorm ), k(V 24, ABWap s Tnorm)

= min [(k(w2p7 Z’Zpy Tnor’m)» k(w;izn w;;u Tnorm), k(Z:p7 Z,Zp, Tnor'm), k(w:jp, Z,Zp, Tnorm),:|

k(Z:pv w:p7 Tnorm)
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2 min [k(w:pv Z;p7 Tnorm)7 i» i k(w:;pv Z:p7 Tnov‘m)7 k(zﬂjpa w;;n Tnorm)}
2 k(w:p7 Z;pa tho’rm)

by Lemma 2.13, we have w;,, = z;,, and zy,, is the common fixed point A,B,C,D,R and V. The uniqueness holds
from (3.6).

Theorem3.7 : Let (Q, k, 1) be a complete IVFMS and let A,B,C,D,R and V be self mappings of Q. Let
{R,AB} and {V,CD} are pairs of OWC mappings. If there exits h€(0,1) such that

k(ABp*7CDQ*aTT‘LOTm)7k(ABp*’Rp*y'rno'rm),
k(Rp", V0", hTnorm) > ¢ |min | k(Vo*,CDo*, Thorm ), k(Rp*, CDo*, Thorm), | | - (3.7)
k(VQ*7ABp*7Tnorm)

for all p*, 0" € Q and ¢ € *; for all 0 < Thorm < 1, then A,B,C,D,R and V has unique common fixed point in
Q.

Proof: As proved in the theorem 3.6.

Theorem3.8 :Let (Q, k, *7) be a complete IVFMS and let A,B,C,D,R and V be self mappings of Q. Let
{R,AB} and {V,CD} are pairs of OWC mappings. If there exits h€(0,1) such that

k(ABp*,CDo", Tnorm), k(ABp™, Rp*, Tnorm),

* * > .
k(Rp ’ VQ ’ hT"OTm) = k(VQ*7 CDQ*7 Tnor'm), k(R‘O*, CDQ*7 Tno'r'm)7

.(3.8)

for all p*, 0™ € Q and Tynorm >0, then A B,C,D,R and V has unique common fixed point in Q.

Proof: Let us consider that {R, AB} and {V,CD} are pairs of OWC,
therefore for p*, 0™, € Q we have ABp* = Rp* and CDp* = V".

Now we claim that Rp* = Vp*.
if not, then by inequality (3.8) we have

* * . k(ABp*acDQ*anOTm)vk(ABp*7Rp*7Tn07‘m)7
>
]k(Rp ’ VQ ’ hT"OTm) - mn ]k(VQ*, CDQ*7 Tna'r'm), k(Rp*7 CDQ*a T’"«OTW)
k(Rp*v VQ*v TnOTm)a k(Rp*a Rp*a Tnorm), k(VQ*, V,Q*, TTWT"L)’

k(Rp*, VQ*,Tno'rm)

> [k(RQ*,Vp*anm‘m):LLk(Rp*,VQ*7Tnorm)]
> [k(Rp", V0", Tnorm)]

= min

Therefore ABp* = Ro", i.e. ABp" = Rp* = CDg" = V*. Suppose that z;, is another point in Q such that
ABz;,, = Rz, then by (3.8). We have ABz;,=Rz,,=CDo"=V ", so ABp*=ABz,, and ABp"=Rp"=wy,,.
Now by Lemma 2.13, wy,, is the common fixed point of AB and R, and it is unique.

In the same way, there is a unique point z;,, € Q such that z;,,=CDz;,=Vz;,.

Hence we get wy,, is a common fixed point of A,B,C,D,R and V.

Corollary3.9 : Let (Q, k, %;) be a complete IVFMS and let A,B,C,D,R and V be self mappings of Q. Let
{AB, R} and {CD,V} are pairs of OWC mappings. If there exits h€(0,1) such that
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k(ABp*,CDg", Thorm),k(ABp*, Rp*, Tnorm),
k(Rp™, V0", hTnorm) > min | k(Vo*,CDo*, Tnorm ), k(Rp*, CD0*, Thorm),
H{(VQ*7 ABP*, 27—nor'm)

for all p*, 0™ € Q and Tynorm >0, then A B,C,D,R and V has unique common fixed point in Q.
Proof We have
k(ABp*,CD@", Tnorm), k(ABp*, Rp™, Tnorm),

k(Rp*, V0", hTnorm) = min | k(Vo",CD0", Tnorm), k(Rp", CD0", Tnorm),
k(VQ*7 ABP*, QTnorm)

2 min |:]k(ABp 7CDQ 7Tn0Tm)7k(ABp 7Rp 7Tn0Tm)7k(VQ aCDQ ,Tnorm),:|

k(Rp*7 CDQ*7 Tnorm)7 ]k(ABp*a CDQ*a Tnorm)k(‘/g*7 CDQ*7 Tno'rm)

> min k(ABp*7 CDQ*a TnOTm)7 k(ABp*a R,D*, TnOTm)k(Vg*v CDQ*v Tnorm),
- ]k(Rp*7CDQ*7T”0T’m)7

From theorem 3.8, unique common fixed point exits for A,B,C,D,R and V.

Theorem3.10 : Let (Q, k, *7) be a complete IVFMS and let A,B,C,D be self mappings of Q. Let {AB}
and {CD} are pairs of OWC mappings. If there exits he(0,1) such that

]k(ABp*7 ABQ*a Tnorm),

k(CDp*,CDo", hTnorm) > [ak(ABp*7ABg*,Tmrm)] + Bmin |k(CDp*, ABp*, Thorm),
k(CDQ*v ABQ*, Tnorm)

where «, 8 > 0,a+ 8 > 1. Then A,B,C and D has unique common fixed point in Q.

Proof: Let AB and CD are OWC, therefore for point p*eQ such that ABp*=CDp*. Suppose that there exist
0% eQ for which ABo*=CDp".

On contrary let us assume ABp*=CDp*. We have,
k(ABP*7 ABQ*> Tno7'm)>

= k(CDp",CDo", hTnorm) > [ak(ABp*, AB0*, Tnorm)] + Bmin |k(CDp*, ABp*, Tnorm),
k(CDQ*v ABQ*7 TnoT'm)

B . . . |k(CDp*,CDo*, Thorm), k(CDp*,CDp*, Tnorm),
= [a]k(CDp ,CDp ,anm)] + Bmin k(CDo*,CDo*, Tnorm)

> [ak(CDp*,CDg", Tnorm)] + Bmin [k(CDp*,CDo*, Tnorm), 1,1]
> [ak(CDp*,CDo*, Tnorm)] + B [k(CDp*,CDo*, Trorm)]
> (a+B) [k(CDp*,CDo*, Tnorm)]

Which is a contradiction, since (a + 8) > 1.

112



Deshmukh et al.; Asian Res. J. Math., vol. 19, no. 11, pp. 104-114, 2023; Article no.ARJOM.108182

Therefore CDp* = CDp* and hence ABp* = ABp* and ABp™ is unique.

Therefore from lemma 2.13 A,B ,C and D have a unique fixed point [18] - [22].

4 Application
An essential component of analytic and engineering mathematics research is the examination of the existence,

nonexistence, and uniqueness of solutions to differential and integral equations. An important tool created in
this field is the use of the fixed-point theorem.Consider the integral equation

p(2,7) = 8n (p(2),7) + [75(2,8,7)0n (3,0(5),7)ds + [7%(2,8,7)jn (5,(5),7)ds for all z€ [a, B] where

1. & : [a, 8] — [0, 1] are continuous.
2. y(2,8,7).%(2,5,7) : o, B] % [o, B] — [0, 1] are continuous.
3. hp,jn ¢ [a, 8] x [0,1] — [0,1] are continuous.

Let E = ([0, 1] be the set of continuous function on [a, 3]
k(p, 0,7) = |Tp|l1 + |Tel1 = max (p(z),7) + max (o(z),7) for all p, o € E. It is evident that k(p, o, 7) is a dislocated
fuzzy metric space.

5 Conclusions

We have shown that there is a unique common fixed point for eight self-mappings, six self-mappings, and four
self-mappings in a complete IVFMS using the concepts of contractive conditions and OWC. Our results are
useful for theoretical mathematics and computer science.
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