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1. Introduction

B ehera and Panda [1] defined balancing numbers 1 as solutions of the diophantine equation

1+2+-+m-1)=n+1)+n+2)+--+(n+r1),

for some natural number r, called the balancer corresponding to n. The nth balancing number is denoted by
By. Moreover, C, = 1/8B2 + 1 is called the nth Lucas-balancing number (see [2]). In fact, B, and C,, satisfy the
second order linear recurrence relations

By=6B, 1 —By,o Bo=0B =1,

and
Ch=6C,1—Cha, Co=1C =3

respectively. (By),>o is the sequence A001109 in the OEIS [3], whereas (B ),>¢ is the id-number A001541 in
OEIS. Balancing and Lucas-balancing sequences has been studied by many authors and more detail can be
found in the extensive literature dedicated to these sequences, see for example, [1,2,4-27].
A generalized balancing sequence {W,},>0 = {Wu(Wo, Wi)}n>0 is defined by the second-order
recurrence relation
Wy =6W, 1 — W, 2, (1)

with the initial values Wy = cp, W7 = ¢; not all being zero.
The sequence {W, },,>¢ can be extended to negative subscripts by defining

Won = 6W_(_1) = W_(n—2),

forn =1,2,3,.... Therefore, recurrence (1) holds for all integer 7.
The Binet formula of generalized balancing numbers can be written as

Wi — pWo n _ Wi —aWWo

Wi = x—p x—p

B,
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where a and B are the roots of the quadratic equation x> — 6x + 1 = 0. Moreover

x = 3+2V2,
B = 3-2V2.
Note that
a+p = 6
afp = 1,
a—p = 4V2

Now we define three special cases of the sequence {W,}. Balancing sequence {B,},>o, modified
Lucas-balancing sequence {H, },>0 and Lucas-balancing sequence {C, },>¢ are defined, respectively, by the
second-order recurrence relations,

B, = 6Bn—1 - Bn72/ BO =0, Bl =1, (2)
H, = 6H, 1—H, > Hyo=2H =6, 3)
Cp = 6Cy1—Cyo Co=1,Ci =3 )

The sequences { By } >0, { Hn }n>0 and {Cy },,>0 can be extended to negative subscripts by defining,

Bw = 6B (- 1)=B_ (42,
H_n — 6H7(7171) - Hf(nfz)l
Con = 6C (1) = Cou-ay

forn = 1,2,3,... respectively. Therefore, recurrences (2)-(4) hold for all integer n. For more information on
generalized balancing numbers, see Soykan [28].

n
2. The sum formula IEO kaik 4+

The following theorem presents sum formulas of generalized balancing numbers;

Theorem 1. Let x be a real (or complex) number. For all integers m and j, for generalized balancing numbers (the case
r = 6,5 = —1), we have the following sum formulas:

(@) If (x> — xHzy + 1) (%% — xHy, + 1) # 0 then

2 x it ©)
kﬂ 32(x2 — xHazp +1)(x2 — xHp + 1)’

where

Y1 = 320" (a? — xHw + )Wy, + 320" (x — Haw) (x> — xHyp + W, — 32x(x* — xHw +

W2, +32(x% — xHy + 1)W? +3x"x(x* — xHap + 1) (W7 + WG — 6WoW1) Wap-p s + 33" x (2% — xH +
1) (WE + W3 — 6WoW1 ) Wiy j — 3x™x(x*Hyy — (xHp — 1)Hzp ) (WE + WG — 6WoW1) Wiy j — 3x(x% —
XHzp + 1)(W? + WE — 6WoW1) W,y — 3x(x? — xHy + 1) (W7 + WE — 6W0W1)W —m + 3x(x*Hy —
Hgp (xHp — 1)) (WE + W3 — 6WoWy)W;.

(b) If (x* — xHzpy + 1) (x2 — xHyy +1) = u(x —a)(x — b)(x — c)(x — d) = 0 for some u,a,b,c,d € C with u # 0
anda #b#c#d,ie,x=aorx=borx=corx=d,then

b4
kiar3 2
wak+/ All

where
Yy, = 32x"(x®(n +3) — x(n + 2)Hy +n + W3 +32((n + 4)x® — (Hy + Hzp)(n + 3)x% +

mn— m+]

(HmHap +1) (1 +2)x = (1 + 1) Hap )" W3, o+ 32(=3%% + 2xHy — )W +32(2x — Hu)W? +3((n +
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3)x% — x(n + 2)Hzy + 1 4+ 1) (W7 + WG — 6WoW1) X" Wy s + 3((n 4 3)x* — x(n 4+ 2)Hy + 1 +
1)xn(W12 + Wg - 6W0W1)Wmn m+j + 3( ( +3) 2Hm + x(” +2)H3mHm - (” + 1)H3m)x"(W12 + Wg -
6WoW1) Wi tj + 3(—3x + 2xHz, — 1)(WE + WG — 6WoW1) W,y + 3(—3x2 + 2xH,, — 1) (W] + W3 —
6WoW1)Wj_y + 3(3x*Hy — 2xHyHay + Hap ) (W7 + WG — 6WoW1 )W,
and
Ay = 32(4x° — 3(Hy + Hap) x> +2(2 + HuHgp)x — (Hy + Ha)).-

(©) If (x* — xH3y +1)(x2 — xHy + 1) = u(x —a)?(x — b)(x — c¢) = 0 for some u,a,b,c € C with u # 0 and
a#b#cie,x=aorx=>borx=c,thenifx =borx = cthen

b4
kyA73 3
wak+] AZI

where
Ys; = 32x"(x*(n+3) — x(n 4+ 2)Hy + n + 1)W3 e +32((n + 4)x> — (Hy + Hap)(n + 3)x> +
(HmHap +1) (1 +2)x — (1 + 1) Hap ) X" Wy, +32(=3x% + 2xHyy — 1)W?., + 32(2x — Hu )W} +3((n +

3)x% — x(n + 2)Hzy + n 4+ 1)(W7 + WE — 6WoW1) X" Wysmsj + 3((n 4 3)x* — x(n 4+ 2)Hy + n +
1)x" (W§ + WG — 6WoW1) Wy j + 3(—(n + 3)x2Hpy + x(1n + 2) H3yy Hyy — (1 + 1) Hap ) X" (W2 + W2 —
6WoW1)Wypnrj + 3(—3x% + 2xHzy, — 1) (WE + WG — 6WoW1 )Wy j + 3(—3x% + 2xH,, — 1) (W7 + W3 —
6WOW1)W]‘,m + 3(3x2Hm —2xHHs,, + H3m)(W12 + Wg — 6WOW1)Wj ,

and

Ay = 32(4x3 — 3(Hyy + Hap)x? +2(2 + HyyHap)x — (Hy + Hayy)), and if x = a then

¥y
Z * kﬂ 64(6x% — 3x(Hyy + Hap) + 2+ HyuHay)

where
Yy =32((n+3)(n+2)x* —x(n+2)(n+1)Hy + n(n+1))x" W3~ m+]+32((n+4)(n+3)x3—(n+
3)(n +2)(Hm + Hap)x® +x(n +2) (n +1) (HuHap +1) = n(n+1)Hap )" TW), o+ 64(Hy — 3x)W?_ +

64W? + 3((n + 3)(n + 2)x* — x(n + 2)(n + 1)Hap + n(n + 1)) (W7 + Wg — 6WoW1)x" ™ Wy +

3x" M (n+3)(n+2)x* —x(n+2)(n+1)Hy +n(n+1)) (Wi + W3 — 6WoW1) Wiy + 3" 1 (—x?(n +

3)(n +2)Hy + x(n +2)(n + 1) Hayy Hy — n(n + 1)Hap ) (W7 + WG — 6WoW1 ) Wypyij + 6(Hay — 3x) (W7 +

— 6WoW1) Wi j 4 6(Hp — 3x) (WE + WG — 6WoW1)W,_yy, + 6(3x — Hap) Hu (WF 4+ W3 — 6Wo Wy )W;.

(d) If(x — xHsy, + 1)(x —xHy +1) = u(x — a)3(x —b) = 0 for some u,a,b € Cwithu # 0anda # b, ie.,
x=aorx=>b,thenif x =bthen

¥
ka3 14

Z x W mk4j = As ’

where

Y5 = 32x"(x*(n+3) — x(n 4+ 2)Hpu + n + 1)W3, i +32((n + 4)x> — (Hy + Hzp)(n + 3)x% +
(HmHap +1) (1 +2)x = (1 + 1) Hap ) X" W3, -+ 32(=3%% + 2xHy — )W, + 32(2x — Hu)W? +3(( +

3)x% — x(n + 2)Hzy + n 4 1)(W7 + WG — 6WoW1) X" Wy s + 3((n 4 3)x* — x(n 4+ 2)Hy + 1 +

1)x" (W + W5 — 6WoW1) Wi j + 3(— (1t + 3)x*Hy + x (11 + 2) Hap Hin — (1 + 1) Ham ) 2" (W] + W5 —
6WoW1) Wi tj + 3(—3x + 2xHz, — 1)(WF + WG — 6WoW1) Wy + 3(—3x2 + 2xH,, — 1) (WE + W3 —
6WoW1)Wj_y + 3(3x*Hyy — 2xHy Hayy + Hgm)(W + WG — 6WoWp)W;,

and
Az = 32(4x3 — 3(Hyy + Hap)x? +2(2 + HyHap )x — (Hy + Hay)),

and if x = a then
n
b d
ka3 6
W, ,
k; YW ki = 192(4x — Hy — Hapy)

Yo = 32(n+ 1)((n + 3)(n + 2)x*> — xn(n + 2)Hy, + n(n — 1))x"2W3 + 32((n + 3)(n

mn—m-+j

+
2)(n+4)x> — (n+3)(n +2)(n + 1)(Hy + Hzp)x® +n(n +2)(n + 1) (HpHzp + Dx — n(n — 1)(n +



Open J. Math. Sci. 2022, 6, 152-167 155

1)Hzy, )x"~ ngmﬂ = 192W7  + 3(n + 1)((n + 3)(n + 2)x* — xn(n + 2)Hsy + n(n — 1))(W7 +
WG — 6WoW1) X" Wiy + 3(n + 1)((n + 3)(n + 2)x* — xn(n + 2)Hy + n(n — 1))(Wf + W3 —
SWOWL )Xo+ 301+ 1) (2 (01 +3) (1 +2) Hy + X011+ 2) Hy F — (1 — 1) Hy) (W2 + W2 —
6WoW1) X" 2 Wiy j — 18(WF + WG — 6WoW1) Wiy, j — 18(WE + W3 — 6WoW1 )Wy, + 18H,, (W7 + W —
6Wo W) W;.

(e) If (x? — xHzp + 1)(x2 — xHy + 1) = u(x —a)* = 0 for some u,a € C,u # Oie., x = a then

kyar3 7
Ekaﬂ ;68,

where

= 32n(n+1)((n+3)(n+2)x> — x(n — 1)(n + 2)Hy + (n — 1)(n — 2))x"3W3 myj +32(n+1)
(P(n+4)(n+3)(n+2) — x®n(n+3)(n + 2)(Hy + Hap) + xn(n — 1)(n + 2)(HyHap + 1) — n(n —
1)(n — 2)Hzp ) X"~ 3W3m+] +3n(n+1)(x*(n+3)(n+2) —x(n+2)(n — 1)Hap + (n — 1)(n — 2))(W? +
WZ — 6WoW1)x™" 3 Wi j 4+ 3n(n + 1) (x*(n +3) (n +2) — x(n +2)(n — 1)Hy + (n — 1) (n — 2)) (WE +
— 6WoW1)x" 3 Wy —pj + 3n(n + 1) (=x?(n 4 3)(n + 2) Hy + x(n + 2) (n — 1) Hay Hyy — (n — 1) (n —

2)H3m><wl2 + W(% - 6W0W1)xn73wmn+]"
Proof. Taker = 6,5 = —1 and H, = H,, in Soykan [29], Theorem 2.1.]. O
Note that (5) can be written in the following form:

Y w2 T
= mkti = 32(x2 — xHap + 1) (x2 — xHpy + 1)’

where
¥s = 320" (x? — xHu + D)Wy, + 32x" 1 (x — Hap ) (x% — xHy + Wy, —32x(x* — xHy + 1)W2_, +
32(Hzy — x)(x* — xHyy, + 1)ij3 + 3x™x(x? — xHzy 4 1)(WF + WG — 6WoW1) Wyt + 33" x(x? — xHyy +
D(WE + WG — 6WoW1 ) Woy—msj — 3" x(x?Hy — (xHp — 1)Hzp ) (WE + WZ — 6WoW1) Wiy — 3x(x? —
XHzp, + 1) (W + WG — 6WoW1 )Wy j — 3x(x?* — xHyy + 1) (W] 4+ WG — 6WoW1 ) Wiy, + 3x(x? Hyy — Hap (xHy —
1)) (W} + WE — 6WoW1)W;.

As special cases of m and j in the last Theorem, we obtain the following proposition;

Proposition 1. For generalized balancing numbers (the case r = 6,5 = —1), we have the following sum formulas for
n>0:
@ (m=1,j=0)

If (x2—6x+1) (x2—198x +1) #0,i.e., x #99+70vV2, x # 99 —70v2, x # 3+2v2,x # 3 —2V/2, then

kA3 !
Y AW = ,
k=0x 32(x2—6x+1) (x2—198x+1)

where

Y, = 32x"T(x — 198)(x? — 6x + 1)W3 + 32x" 1 (x2 — 6x + 1)W>_| + 3x"F1(x? — 198x + 1)(W? +
W2 — 6WoWyp )W, 1 — 18x"F1(x2 — 198x + 33) (W2 + W3 — 6WoW1)W,, + 3x" 1 (x% — 6x + 1)(W? +
W2 — 6WoW1 )W,,_1 — 32(—x(x* + 12x + 1)W3 + (216x> — 1189x2 + 204x — 1)W§ + 18x2(x + 6) W W —

18x2(6x + 1)WZW;),
and
if (x2—6x+1) (x2—198x+1) = 0,i.e, x =99 +70v20r x =99 — 70v/2 0or x = 3+2v20r x =3 —2v2
then -
ng"W,f’ T 128(x% - 153x22—|— 595x —51)
where

= 32x"(n(x — 198)(x? — 6x + 1) + 4x> — 612x% + 2378x — 198)W3 + 32x" (n(x? — 6x + 1) + 3x% —
12x + 1)W3_ | +3x" (n(x? — 198x + 1) + 3x2 — 396x + 1) (W2 + WG — 6WoW1) W, 1 — 18x" (n(x? — 198x +
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33) + 3x2 — 396x + 33) (W2 + W3 — 6WoWy )W, + 3x"(n(x* — 6x + 1) 4+ 3x% — 12x + 1)(W? + W3 —
6WoW1)Wy,—1 + 32((3x% + 24x + 1)W3 — 2(324x2 — 1189x + 102)W3 — 54x(x + 4)W?Wp + 36x(9x +
1)W2W,).

(b) (m=2,j=0)
If (x* — 34x + 1) (x2 —39202x + 1) # 0, i.e., x # 19601 + 13860v/2, x # 19601 — 13860v/2, x # 17 + 12
V2, x # 17 — 12V/2, then

i kaBk = \Ijl s
=7 32(x% —34x + 1) (x2 —39202x + 1)

where

Yy = 32x"Tl(x — 39202)(x* — 34x + 1)W5, + 32x" 1 (x2 — 34x + 1)W5, _, + 32" (x? — 39202x +
1)(W2 + W2 — 6WoW1)Wayip — 102x" T (x2 — 39202x + 1153) (W2 + WZ — 6WoWy)Wa,, + 3x 1 (x? —
34x + 1) (W2 + W2 — 6WoW1)Wa,_o + 32(216x(x? + 68x + 1)W; — (42875x3 — 1329231x% + 39237x —

1)W3 — 108x(35x2 + 1224x + 1) W7 W + 18x(1225x% + 2414x + 1) WG W),

and

if (x? — 34x + 1) (x2 —39202x + 1) = 0,i.e., x = 19601 + 13860v/2 or x = 19601 — 13860v/2 or x = 17 + 12
V2 or x = 17 — 124/2 then

i kaS — Tz
&% Tk T 108 (25 — 294277 + 666435x — 9809) °

where

Y, = 32x" (n(x —39202) (x% — 34x + 1) +2(2x> — 58854x2 + 1332869x — 19601 ) ) W5, + 32x" (n(x? — 34x +
1) +3x% — 68x + 1)W5,_, + 3x"(n(x? — 39202x + 1) + 3x? — 78404x + 1) (W2 + WZ — 6WoW; ) Wayyp —
102x" (n(x? — 39202x + 1153) + 3x% — 78404x + 1153)(W? + W3 — 6WoW1)Wa,, + 3x™ (n(x? — 34x +
1) + 3x% — 68x + 1) (W7 + W2 — 6WoW1) W2 + 96(72(3x% + 136x + 1)W5 — (42875x% — 886154x +
13079)W3 — 36(105x2 + 2448x + 1) W2 W, + 6(3675x2 + 4828x + 1) WZW1).
(0 (m=2,j=1)

If (x? = 34x +1) (x2 —39202x + 1) # 0, i.e., x # 19601 + 13860v/2, x # 19601 — 13860v/2, x # 17 + 12
V2, x # 17 — 12V/2, then

i W = k$!
BT AT 3 (22— 34x + 1) (x% — 39202x + 1) 7

where

Yy = 320" (x —39202)(x% — 34x + 1)W3, 4 + 32x" 1 (x? — 34x + 1)W5,_; + 3x" T (x? — 39202x +
LW + W3 — 6WoWyp)Ways — 102x"+1 ((x2 —39202x + 1153)) (W2 + WG — 6WoWi)Wa,yq +
3x"Tl(x? — 34x + 1)(W? + W3 — 6WoWy)Way,—1 + 32((x + 1)(x% + 3638x + 1)W; — 216x(x* + 68x +

1)W3 — 18x(x% + 2414x + 1225) Wy W2 + 108x(x? + 1224x + 35) W3 W ),

and

if (x2—34x +1) (x2 —39202x + 1) = 0, i.e., x = 19601 + 13860v/2 or x = 19601 — 13860v/2 or x = 17 + 12
V2 or x =17 — 12+/2 then

i ka3 _ ‘Pz
&7 T T 108 (38— 2942747 + 666435x — 9809) 7

where

¥y = 32x"(n(x — 39202)(x* — 34x 4 1) + 2(2x> — 58854x + 1332869x — 19601))W3, | + 32x" (n(x* —

n
34x 4+ 1) + 3x% — 68x + 1)W5, | + 3x"(n(x*> — 39202x + 1) + 3x* — 78404x + 1)(W? + W3 —
6WoW1)Wapys — 102x (n(x? — 39202x + 1153) + 3x2 — 78404x + 1153)(WZ + W2 — 6WoW1) W1 +
3x™(n(x? — 34x 4+ 1) + 3x% — 68x + 1) (W? + W2 — 6Wo Wy ) Way,_1 + 96((x? + 2426x + 1213) W5 — 72(3x% +

136x + 1) W3 — 6(3x? + 4828x + 1225) W2W + 36(3x2 + 2448x + 35) W2, ).
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(d (m=-1,j=0)
If (x2—6x+1) (x2—198x +1) #0,i.e., x #99+70vV2, x # 99 — 702, x # 3+2V2,x # 3 —2V/2, then

Y,

n
kya73
Wi, = ,
k;)x TR —6x+1)(x2—198x +1)

where

¥y = 32" (x? —6x + 1)W?3 ) + 322" (x — 198) (¥ — 6x + 1)W2, 4 3x" 1 (x? — 6x + 1) (W] + W3 —
6WoW1)W_yy 1 — 18x" 1 (x2 — 198x + 33) (W2 + W3 — 6WoWy )W_,, + 3x"T1(x2 — 198x + 1) (W2 + W3 —
6WoW1)W_y_1 +32(—x(x2 4+ 12x + 1)W} + (x2 4 12x + 1) W3 + 18x(6x + 1) WZ Wy — 18x(x + 6) W3 Wy ),

and
if (x2—6x+1) (x2—198x+1) = 0,i.e, x =99+70v20r x =99 — 70v/2 0or x = 3+2v20r x =3 —2v2
then ;
¥
kiar3 2
W3, = )
k;" k= 128 (x3 — 153x2 + 5951 — 51)

where

¥y = 322" (n(x?* —6x +1) +3x% — 12x + 1)W? | + 32x" (n(x — 198)(x? — 6x + 1) 4 2(2x> — 306x% +

1189x — 99))W3,, + 3x"(n(x? — 6x + 1) + 3x% — 12x + 1)(WZ + W2 — 6WoW1)W_,, 41 — 18x" (n(x? —

198x +33) + 3x2 — 396x + 33) (W? + W2 — 6WoW1)W_, + 3x™ (n(x* — 198x + 1) + 3x2 — 396x + 1) (W2 +

W2 — 6WoW1)W_;,_1 + 32(—(3x% + 24x + 1)W5 + 2(x + 6)W3 + 18(12x + 1) W3 Wy — 36(x + 3) Wi Wy ).
(e) (m=-2,j=0)

If (¥ — 34x + 1) (x> — 39202x + 1) # 0, i.e., x # 19601 + 13860v/2, x # 19601 — 13860v/2, x # 17 + 12

V2, x # 17 — 12+/2, then

i CW. 't
=TT 32(x2 - 34x 1) (x2 - 39202x 4 1)

where

Yy = 322" (x2 = 34x + 1)W2,, , +32x" T (x — 39202) (x? — 34x + 1)W3,, + 3x" T (x? — 34x + 1) (W} +
W2 — 6WoW1)W_g,4p — 102x" 1 (x2 — 39202x + 1153) (W2 + W2 — 6Wo Wy )W_o,, + 3x" 1 (x? — 39202x +
1) (W2 + W2 — 6WoW1)W_p,_5 + 32(—216x(x% + 68x + 1)W5 + (x + 1) (x* + 3638x + 1) W5 + 108x(x? +
1224x + 35) W2 W, — 18x(x2 + 2414x + 1225) W3 W, ),

and

if (x2 —34x +1) (x2 —39202x + 1) = 0, i.e., x = 19601 + 13860v/2 or x = 19601 — 13860v/2 or x = 17 + 12
ﬁor x = 17 — 12+/2 then

i: ka?) — TZ
&7 2T 128 (28 — 2942722 + 666435 — 9809)

where

Yo = 32x"(n(x? — 34x + 1) + 3x% — 68x + 1)W3,, ., + 32x"(n(x — 39202)(x* — 34x + 1) +
2(2x3 — 58854x% + 1332869x — 19601))W3, + 3x"(n(x* — 34x + 1) + 3x2 — 68x + 1)(WZ + W2 —
6WoW1)W_sy 12 — 102x" (n(x* — 39202x + 1153) + 3x> — 78404x + 1153)(W? + W3 — 6WoWi)W_y,, +
3x™ (n(x? — 39202x + 1) + 3x% — 78404x + 1) (W? + W3 — 6Wo W1 ) W_p,,_2 +96(—72(3x2 + 136x + 1) W5 +
(x? 4 2426x + 1213) W3 + 36(3x% + 2448x + 35) W2 Wy — 6(3x2 + 4828x + 1225) W2 W ).
® (m=-2,j=1)

If (x* = 34x +1) (x* —39202x + 1) # 0, i.e., x # 19601 + 13860v/2, x # 19601 — 13860v/2, x # 17 + 12
V2, x # 17 — 12V/2, then

i ka3 _ Y,
S0 TR T 3 (22 — B4x 4+ 1) (x2 - 39202x + 1) 7

where
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Yy o= 32" T(x? — 34w + )W, o+ 320" (x — 39202)(x% — 34x + 1)W3,, , + 3x"H(x? —
34x + 1) (W2 + W2 — 6WoW1) W_p, 43 — 102x" 1 (x? — 39202x + 1153) (W2 + W2 — 6WoW1)W_n,41 +
3x Tl (x? — 39202x + 1) (W7 + W3 — 6WoWy)W_y,,_1 + 32(—(42875x> — 1329231x2 + 39237x — 1)W; +

216x(x? + 68x + 1)WJ + 18x(1225x2 + 2414x 4+ 1) WoW3 — 108x(35x2 + 1224x + 1) Wi W),
and

if (x2 —34x +1) (x2 —39202x + 1) = 0, i.e., x = 19601 + 13860v/2 or x = 19601 — 13860v/2 or x = 17 + 12
V2orx =17 — 12+/2 then

i ka?} — ‘IJZ
&7 A T 108 (33— 29427x% + 666435x — 9809) 7
where
¥y = 32x"(n(x? — 34x + 1) + 3x% — 68x + 1)W3,, 5 + 32x"(n(x — 39202)(x? — 34x + 1) +

4x3 — 117708x? + 2665738x — 39202)W3, . + 3x"(n(x? — 34x + 1) + 3x* — 68x + 1)(W}? + W§ —
6WoW1)W_2,43 — 102x" (n(x* — 39202x + 1153) + 3x? — 78404x + 1153) (W? + W2 — 6WoWy1 ) W_p,,41 +
3x™ (n(x? — 39202x + 1) + 3x% — 78404x + 1) (W7 + W3 — 6WoW1)W_2,_1 + 96(—(42875x> — 886154x +
13079)W3 + 72(3x2 4 136x + 1)W3 + 6(3675x + 4828x + 1) W2 W, — 36(105x? + 2448x + 1) WZWy).

From the above proposition, we have the following corollary which gives sum formulas of balancing
numbers (take W,, = B, with By = 0,B; = 1);

Corollary 2. For n > 0, balancing numbers have the following properties:

@ (m=1,j=0)
If (x> —6x+1) (x2—198x +1) #0,ie., x #99+70V2, x # 99 —70v2, x # 3+ 22, x # 3 —2V/2, then

i ka;z’ = LS ,
= 32(x2—6x+1) (x2—198x+1)

where

¥y = 32" (x — 198)(x* — 6x + 1)B3 + 322"+ (x? — 6x + 1)B3 | + 3x"*1(x? — 198x + 1)By4q1 —
18x"*+1(x? — 198x + 33)B,, + 3x"*1(x2 — 6x +1)B,,_1 + 32x(x% + 12x + 1),

and if (x> —6x+1) (x> —198x+1) = 0,ie, x = 9+70v2 0or x = 99 —70v2 or x = 3+2V2 or
x =3 —2v/2 then

L b4

Y B} = : :
= 128 (x3 — 153x2 4 595x — 51)

where

¥y = 32x" (n(x — 198) (x? — 6x + 1) + 4x3 — 612x2 + 2378x — 198) B> + 32x" (n(x?> — 6x + 1) +3x2 — 12x +
1)B3 | +3x"(n(x* — 198x + 1) 4 3x* — 396x + 1) By,1 — 18x" (n(x* — 198x + 33) + 3x? — 396x + 33)B,, +
3x"(n(x? — 6x +1) +3x2 — 12x + 1)B,,_1 + 32(3x% + 24x + 1).

(b) (m=2,j=0)
If (x> — 34x 4+ 1) (x2 — 39202x + 1) # 0, i.e., x # 19601 + 13860v/2, x # 19601 — 13860/2, x # 17 + 12
V2, x # 17 — 12V/2, then

ika;@ _ k31
=7 T 32(x2 —34x +1) (x2 —39202x + 1)

where

Y, = 32x"Tl(x — 39202)(x? — 34x + 1)B3, + 32x"1(x? — 34x + 1)B3, , + 3x"F1(x? — 39202x +
1)Bopsp — 102x" 1 (x2 — 39202x + 1153) Byy, + 3x" 1 (x? — 34x + 1) By o + 6912x (x> 4+ 68x + 1) ,

and
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if (x2 —34x +1) (x2 —39202x + 1) = 0, i.e., x = 19601 + 13860v/2 or x = 19601 — 13860v/2 or x = 17 + 12
V2orx =17 — 12/2 then

i B3, = 1
&7 7T 128 (x% — 2942742 + 666435 — 9809)

where

Yo = 32x" (n(x —39202) (x — 34x + 1) +2(2x> — 58854x2 + 1332869x — 19601)) B3 + 32x" (n(x? — 34x +

1) +3x% — 68x +1)B3, , + 3x"(n(x? — 39202x + 1) + 3x? — 78404x + 1)Byy,4p — 102x" (n(x? — 39202x +

1153) + 3x% — 78404x + 1153) By, + 3x" (11(x? — 34x + 1) + 3x% — 68x + 1) By, o + 6912(3x% + 136x + 1).
© (m=2,j=1)

If (x? = 34x + 1) (x2 —39202x + 1) # 0, i.e., x # 19601 + 13860v/2, x # 19601 — 13860v/2, x # 17 + 12

V2, x # 17 — 12V/2, then

i T kSt
7 AT 30 (2 — 34x + 1) (x2 - 39202x + 1)

where

Yy = 32x"T(x —39202)(x? — 34x + 1)B3, | + 32" (x? — 34x + 1)Bj, | + 32" (x? — 39202x +
1)Bopss — 102x" 1 ((x? — 39202x + 1153)) Bpypq + 3x™" 1 (x% — 34x + 1)By,—1 + 32(x + 1) (x* 4 3638x +
1),

and

if (x2 —34x +1) (x2 —39202x + 1) = 0, i.e., x = 19601 + 13860v/2 or x = 19601 — 13860v/2 or x = 17 + 12
ﬁor x = 17 — 12+/2 then

n lI[z

kn3
B =
k;o T 0241 T 128 (33 — 2942722 + 666435x — 9809)

where

Yy = 32x"(n(x —39202)(x? — 34x 4 1) + 2(2x> — 58854x% + 1332869x — 19601))B3, . | + 32x" (n(x
34x + 1) + 3x2 — 68x + 1)B3 | + 3x"(n(x? — 39202x + 1) + 3x? — 78404x + 1)Bp45 — 102x" (n(x
39202x + 1153) + 3x? — 78404x + 1153) By, 1 + 3x" (n(x? — 34x + 1) + 3x% — 68x + 1)Bo, 1 + 96(x? +
2426x +1213).

(d (m=-1,j=0)

If (x2—6x+1) (x2—198x +1) #0,i.e., x #99+70vV2, x # 99 — 702, x # 3+2V2,x # 3 —2V/2, then

i B, = kst ,
= 32k —6x 4 1) (x2 —198x + 1)

where
Y = 32x"H(x? —6x +1)B%, | + 32x" T (x — 198)(x* — 6x + 1)B>, 4 3x" "1 (x* — 6x + 1)B_,, 11 —

18x" 1 (x% — 198x +33)B_,, + 3x" 1 (x2 — 198x + 1)B_,,_1 — 32x(x® + 12x + 1),

and
if (x2—6x+1) (x2—198x+1) = 0,i.e, x =99 +70v20r x =99 — 70v/2 0or x = 3+2v20r x =3 —2v2
then ) -
Y xB = i (% — 153x22+ 505x —51)
k=0
where
¥y = 32x"(n(x? — 6x +1) +3x% — 12x + 1)B3 | 4 32x" (n(x — 198)(x? — 6x + 1) 4 2(2x°> — 306x? +

1189x — 99))B3 ,, + 3x™(n(x? — 6x + 1) 4+ 3x? — 12x + 1)B_,, 11 — 18x" (n(x? — 198x + 33) + 3x% — 396x +
33)B_, + 3x" (n(x? — 198x 4+ 1) 4+ 3x% — 396x + 1)B_,_; — 32(3x% + 24x + 1).
(e) (m=-2,j=0)
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If (x> — 34x 4+ 1) (x> — 39202x + 1) # 0, i.e., x # 19601 + 13860v/2, x # 19601 — 13860v/2, x # 17 + 12
V2, x # 17 — 12V/2, then

i SR = kst
&7 32(x2 — 34x + 1) (x2 - 39202x + 1)

where

Yy = 32" (x? —34x + 1)B3,, , + 322" (x — 39202)(x? — 34x + 1)B%,, + 3x"T1(x? — 34x +
1)B_gp42 — 102x" 1 (x2 — 39202x + 1153)B_5,, + 3x™ 1 (x? — 39202x + 1)B_p,,_» — 6912x(x% + 68x + 1),
and

if (x2 = 34x +1) (x2 —39202x + 1) = 0, i.e., x = 19601 + 13860v/2 or x = 19601 — 13860v/2 or x = 17 + 12
V2 or x =17 — 12+/2 then

¢!

k3
B, = )
kg T P2 T 128 (x3 — 2942722 + 666435x — 9809)

where

Y, = 32x"(n(x? — 34x + 1) + 3x% — 68x + 1)B3,, ., + 32x" (n(x — 39202)(x* — 34x + 1) + 2(2x® —
58854x2 + 1332869x — 19601))B%, + 3x"(n(x* — 34x + 1) + 3x2 — 68x + 1)B_pu42 — 102x" (n(x* —
39202x + 1153) + 3x? — 78404x + 1153)B_, + 3x™(n(x? — 39202x + 1) + 3x% — 78404x + 1)B_5, 5 —
6912(3x% + 136x + 1).

) (m=-2,j=1)
If (x* = 34x +1) (x* —39202x + 1) # 0, i.e., x # 19601 + 13860v/2, x # 19601 — 13860v/2, x # 17 + 12
V2, x # 17 — 12V/2, then

b4

n
kn3
B = ’
k;* “2H1 T 30 (22 — 34w + 1) (x2 — 39202x + 1)

where

Y = 32" (x? —34x 4+ 1)B3,, 4 + 32x" ! (x — 39202) (x? — 34x + 1)B%, ., + 3x" T (x? — 34x +
1) (BZ + B2 — 6ByB;) B_outs — 102x" 1 (x2 — 39202x + 1153) B_p;,41 + 3x" 1 (x? — 39202x + 1)B_p,_1 —

32(42875x3 — 1329231x% +39237x — 1),
and if (x> —34x +1) (x? —39202x + 1) = 0, i.e,, x = 19601 + 13860v/2 or x = 19601 — 13860v/2 or x =
17 +12v2 or x = 17 — 12y/2 then

n
¥
kn3 2
B pu— P
kg T P21 T 128 (63 — 294274 + 6664351 — 9809)

where

Yo = 32x"(n(x? — 34x + 1) + 3x% — 68x + 1)B3,, o + 32x"(n(x — 39202)(x? — 34x + 1) + 4x> —
117708x2 + 2665738x — 39202)B% ,, .| + 3x" (n(x? — 34x + 1) + 3x% — 68x + 1)B_y, 43 — 102x" (n(x? —
39202x + 1153) + 3x? — 78404x + 1153)B_5,, 1 + 3x" (n(x? — 39202x + 1) + 3x* — 78404x + 1)B_5, 1 —
96(42875x% — 886154x + 13079).

Taking W, = H, with Hy = 2,H; = 6 in the last proposition, we have the following corollary which
presents sum formulas of modified Lucas-balancing numbers;
Corollary 3. For n > 0, modified Lucas-balancing numbers have the following properties:
@ (m=1,j=0)

If (x* —6x+1) (x2 —198x+ 1) #0,i.e, x #99+70v2, x # 99 —70v/2, x # 3+ 22, x # 3 —2V/2, then

n
¥
kg3 1
H = ,
k:zox K= 2 —6x+1) (x2—198x +1)

where
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Yy = x"(x — 198)(x2 — 6x + 1)Hy + x"T1(x? — 6x + 1)H3 | — 3x" "1 (x? — 198x + 1)H,4q1 +
18x" 1 (x% — 198x + 33)H,, — 3x™ 1 (x? — 6x + 1)H,,_1 — 8(27x% — 595x% + 177x — 1),
and
if (x2—6x+1) (x2—198x+1) =0,i.e,x =99+70v20rx =99 —70v20r x =3+2v20r x =3—2v2
then ;
¥
k173 2
H = ,
k;ox k= 4 (x3 — 15322 + 595x — 51)

where

¥y = x"(n(x —198)(x% — 6x + 1) + 4x3 — 612x2 + 2378x — 198) H> + x™ (n(x* — 6x + 1) + 3x% — 12x +

1)H3 | —3x"(n(x? —198x + 1) + 3x% — 396x + 1) Hy,+1 + 18x" (n(x? — 198x + 33) + 3x% — 396x + 33) H,, —
3x" (n(x? — 6x +1) 4+ 3x% — 12x + 1)H,_1 — 8(81x% — 1190x + 177).

(b) (m=2,j=0)
If (x* — 34x 4+ 1) (x> — 39202x + 1) # 0, i.e., x # 19601 + 13860v/2, x # 19601 — 13860v/2, x # 17 + 12
V2, x # 17 — 12+/2, then

ikas _ 't
=7 ()2 —34x 4 1) (22 —39202x + 1)

where

Yy = 2" (x —39202) (x2 — 34x + 1)H5 + x" "1 (x? — 34x + 1)H3, , — 3x" "1 (x2 — 39202x + 1)Hppsp +
102x™+1 (x% — 39202x + 1153) Hp,, — 3x 1 (x? — 34x + 1) Hay, o — 8(4913x3 — 666435x2 + 34323x — 1),
and

if (x2 —34x +1) (x2 —39202x + 1) = 0, i.e., x = 19601 + 13860v/2 or x = 19601 — 13860v/2 or x = 17 + 12
\@or x = 17 — 12+/2 then

i NI k#:
Lt 2 T T (35 = 2942737 + 666435x — 9809)

where

Yy = x"(n(x —39202)(x? — 34x + 1) + 2(2x3 — 58854x% + 1332869x — 19601))H3, + x"(n(x? — 34x +
1) +3x2 —68x + 1)H3 , —3x"(n(x? — 39202x + 1) + 3x% — 78404x + 1) Hppp2 + 102x" (n(x? — 39202x +
1153) + 3x% — 78404x + 1153) Hy,, — 3x™ (n(x? — 34x + 1) + 3x? — 68x + 1) Hpy,—p — 24(4913x? — 444290x +
11441).

(0 m=2,j=1)
If (x* — 34x 4+ 1) (x> — 39202x + 1) # 0, i.e., x # 19601 + 13860v/2, x # 19601 — 13860v/2, x # 17 + 12
V2, x # 17 — 12V/2, then

i N T - kS
=7 T (32 = 34x 4 1) (22 — 39202x + 1)

where

¥y = 2" (x —39202) (x* —34x + 1)H3, | +x" T (x? —34x +1)H5, _; —3x" ™ (x* —39202x + 1) Hpy 43 +
102x" 1 ((x? — 39202x + 1153)) Hyyyq — 3x" 71 (x? — 34x 4+ 1)Hppyq — 216(x — 1) (x> — 3298x + 1),

and if (x? —34x +1) (x2 —39202x + 1) = 0, i.e., x = 19601 + 13860v/2 or x = 19601 — 13860v/2 or x =
17 + 122 or x = 17 — 12+/2 then

n 11]2

) WHy = ’
Pt 1T 4 (63 — 2942722 + 666435x — 9809)

where

Yy = x"(n(x —39202)(x? — 34x + 1) 4 2(2x> — 58854x> + 1332869x — 19601))H3, | + x" (n(x* — 34x +
1) +3x* —68x+1)H5, | — 3x"(n(x? —39202x + 1) + 3x? — 78404x + 1) Hppyy 3 + 102x" (n(x* — 39202x +
1153) + 3x2 — 78404x + 1153) Hyp,, 1 — 3% (n(x? — 34x + 1) + 3x% — 68x + 1) Hy,, 1 — 216(3x? — 6598x +
3299).
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(d (m=-1,j=0)
If (x2—6x+1) (x2—198x +1) #0,i.e., x #99+70vV2, x # 99 — 702, x # 3+2V2,x # 3 —2V/2, then

Ty

n
k113
H3, = ,
k:ZOx kT —6x+1)(x2—198x + 1)

where

Yy = "2 —6x + 1H?, |+ " (x — 198)(x* — 6x 4+ 1)H,, — 3x" 1 (x2 — 6x + 1)H_ 41 +
18x"+1(x2 — 198x + 33)H_,, — 3x" 1 (x2 — 198x + 1)H_,,_1 — 8(27x% — 5952 + 177x — 1),

and
z:f(x2—6x—|—1)(x2—198x+1):O,i,e.,x:99+7O\@0rx:99—70\@orx:3+2\@0rx:3—2ﬁ
then ;
b 4
kg3 2
H°, = ,
,g)x k7 4(x3 — 153x2 4 595x — 51)
where

Yo =x"(n(x* —6x+1) +3x* —12x + 1)H> | 4 x"(n(x —198) (x> — 6x + 1) +2(2x> — 306x? + 1189x —
99))H3 ,, —3x"(n(x? —6x+1) +3x% —12x + 1)H_,,; 1 + 18x" (n(x? — 198x +33) +3x2 — 396x + 33)H_,, —
3x"(n(x? — 198x + 1) +3x% — 396x + 1)H_,,_1 — 8(81x2 — 1190x + 177).

(e) (m=-2,j=0)
If (x? = 34x +1) (x2 —39202x + 1) # 0, i.e., x # 19601 + 13860v/2, x # 19601 — 13860v/2, x # 17 + 12
V2, x # 17 — 12+/2, then

n \{rl

k1y3
H3,, = ,
kg THk T 02 T34y 1 1) (a2 — 39202x + 1)

where

Yy =" (x? = 34x +1)H3,, 4 x" 1 (x —39202) (x? — 34x + 1)H3,, — 3x" 1 (x? — 34x 4+ 1)H 3,42 +
102x"+1(x? — 39202x + 1153)H_5,, — 3x"+1(x? — 39202x + 1)H_5,,_» — 8(4913x> — 666435x% + 34323x —
1),

and if (x? —34x +1) (x2 —39202x + 1) = 0, i.e., x = 19601 + 13860v/2 or x = 19601 — 13860v/2 or x =
17 4+ 12v/2 or x = 17 — 12/2 then

Y,

i ka3 = )
£ 2T 4 (38 2040727 + 666435x — 9809)

where

Yo = x"(n(x* — 34x + 1) + 3x% — 68x + 1)H3,, ., + x" (n(x — 39202) (x* — 34x + 1) + 2(2x> — 58854x? +
1332869x — 19601))H?, — 3x"(n(x? — 34x + 1) + 3x> — 68x + 1)H_pu42 + 102x" (n(x? — 39202x +
1153) + 3x2 — 78404x + 1153) H_5,, — 3x" (n(x* — 39202x + 1) + 3x% — 78404x + 1)H_p,,_» — 24(4913x% —
444290x + 11441).

6 (m=-2,j=1)
If (x* = 34x +1) (x* —39202x + 1) # 0, i.e., x # 19601 + 13860v/2, x # 19601 — 13860v/2, x # 17 + 12
V2, x # 17 — 12V/2, then

b4

k3
H = ’
kE:O TEo21 T 02 34 1 1) (a2 - 39202x + 1)

where

Yy = x"T(x2 = 34x+1)H3,, o+ x"T (x —39202) (x* —34x + 1)H3,, | —3x" T (x? —34x +1)H_p 43+
102x" 1 (x? — 39202x + 1153)H_p, 1 — 3x"T1(x? — 39202x 4 1)H_5,_1 — 216(35937x> — 1329571x% +
39235x — 1),

and
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if (x2 —34x +1) (x2 —39202x + 1) = 0, i.e., x = 19601 + 13860v/2 or x = 19601 — 13860v/2 or x = 17 + 12
V2orx =17 — 12/2 then

i NITE _ T
L 2 T 133 22942722 + 666435x — 9809)

where

Yo = x"(n(x? —34x + 1) + 3x% — 68x + 1)H3,, 5 + x"(n(x — 39202)(x? — 34x + 1) + 4x° —
117708x2 + 2665738x — 39202)H°,, .| — 3x" (n(x? — 34x + 1) + 3x? — 68x + 1)H_p,,13 + 102x" (n(x? —
39202x + 1153) + 3x% — 78404x + 1153)H 5,1 — 3x" (n(x? — 39202x + 1) + 3x% — 78404x + 1)H_5,, 1 —
216(107811x% — 2659142x + 39235).

From the above proposition, we have the following corollary which gives sum formulas of
Lucas-balancing numbers (take W,, = C, with Cy = 1,C; = 3);

Corollary 4. For n > 0, Lucas-balancing numbers have the following properties:

@ (m=1,j=0)
If (x> —6x+1) (x2—198x +1) #0,ie, x #99+70V2, x # 99 —70v2, x # 3+ 22, x # 3 —2V/2, then

n 5 ¥,

2 xkck - 12
= 4(x2—6x+1)(x2—198x +1)
where
Y = 4x"(x —198)(x? — 6x + 1)Co + 4x"T1(x? — 6x + 1)C3_| — 3" (x? — 198x + 1)Cppuq +
18x"+1(x? — 198x + 33)Cy — 3x 1 (x? — 6x +1)C 1 — 4(27x3 — 595x2 +177x — 1),
and
if (x2 —6x+1) (x2—198x+1) =0,i.e, x =99+70v20rx =99 — 70v20or x =3 +2v20r x =3 —2v2
then
i xkc3 — TZ
=7 K 16(x3 — 153x2 +595x — 51) 7
where

¥y = 4x"(n(x —198)(x* — 6x + 1) + 4x3 — 612x2 + 2378x — 198)C3 + 4x™ (n(x® — 6x + 1) +3x2 — 12x +

1)C3 | —3x"(n(x? —198x + 1) 4 3x% — 396x + 1)Cyyy1 + 18x™ (n(x* — 198x + 33) + 3x> — 396x + 33)C,y —
3x"(n(x? — 6x +1) +3x% — 12x +1)C,,_1 — 4(81x% — 1190x + 177).

(b) (m=2,j=0)
If (x* — 34x 4+ 1) (x> — 39202x + 1) # 0, i.e., x # 19601 4 13860v/2, x # 19601 — 13860v/2, x # 17 + 12
V2, x # 17 — 12V/2, then

i xkc3 — \Pl
&7 T 4 (a2 —34x 4+ 1) (22 —39202x + 1) 7

where

¥y = 4x" 1 (x —39202) (x2 — 34x + 1)C5, + 4x" T (x2 = 34x + 1)C5,_, — 3x"T1(x? — 39202x + 1)Capyp +
102x" 1 (x2 — 39202x + 1153)Cyy, — 321 (x2 — 34x + 1)Cay o — 4(4913x3 — 666 435x2 + 34323x — 1),
and

if (x> —34x 4+ 1) (x2 —39202x + 1) = 0, i.e., x = 19601 + 13860v/2 or x = 19601 — 13860+/2 or x = 17 + 12
V2 or x =17 — 12+/2 then

Zn k3 Y»
X C k — ’
=0 2 16 (x3 — 29427x2 + 666435x — 9809)

where
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Yo = 4x"(n(x — 39202)(x? — 34x + 1) + 2(2x> — 58854x2 + 1332869x — 19601))C3,, + 4x" (n(x*> — 34x +
1) +3x2 — 68x +1)C3, , — 3x"(n(x? —39202x + 1) + 3x2 — 78404x + 1)Cay 42 + 102x" (n(x? — 39202x +
1153) + 3x? — 78404x + 1153)Cpy, — 3x™ (n(x? — 34x + 1) + 3x% — 68x + 1)Cay—n — 12(4913x? — 444290x +
11441).

(© m=2,j=1)
If (x* — 34x 4+ 1) (x> — 39202x + 1) # 0, i.e., x # 19601 + 13860v/2, x # 19601 — 13860v/2, x # 17 + 12
V2, x # 17 — 12V/2, then

k3 hé!
Y X Co = ’
= T4 (x2—34x+1) (x2 —39202x + 1)
where
Yy = 4x"T(x —39202)(x% — 34x + 1)C3, 4 + 4x"TH(x? — 34x + 1)C3,_; — 3x" T (x? — 39202x +

1)Capys + 10221 ((x2 — 39202x + 1153)) Cppp1 — 3x™ 1 (x? — 34x +1)Cpyp—q — 108(x — 1) (x> — 3298x +
1),

and if (x* —34x +1) (x2 —39202x + 1) = 0, i.e., x = 19601 + 13860v/2 or x = 19601 — 13860v/2 or x =
17 +12v/2 or x = 17 — 12/2 then

i xkc?) — \PZ
£ T2 T 16 (33 — 2942737 + 666435x — 9809)

where

¥y = 4x" (n(x —39202) (x? — 34x + 1) + 2(2x> — 58854x% + 1332869x — 19601))C3, . | + 4x" (n(x* — 34x +
1) +3x2 — 68x +1)C3, ; — 3x"(n(x? —39202x + 1) + 3x% — 78404x + 1)Cppi3 + 102x" (n(x* — 39202x +
1153) + 3x% — 78404x + 1153)Coyy 1 — 3x" (n(x? — 34x + 1) + 3x% — 68x + 1)Cpy, 1 — 108(3x% — 6598x +
3299).

(d (m=-1,j=0)

If (x2 —6x+1) (x2 —198x + 1) # 0, i.e., x #99+70V2, x # 99 —70v/2, x # 3+2V/2, x # 3 —2/2, then

Xn:ka3 _ b
ST a2 —6ex+1) (x2—198x+ 1)

where

Y o= 4x"T(x? —6x 4+ 1)C3,  + 4T (x — 198)(x? — 6x + 1)C3,, — 3x" T (x? — 6x + 1)C_yiq +

18x"+1(x? — 198x + 33)C—y, — 3x" 1 (x2 = 198x +1)C_,, 1 — 4(27x% — 595x2 + 177x — 1),

and if (x> —6x+1) (x2—198x+1) = 0, ie., x = 99 + 70v2 or x = 99 — 70v/2 or x = 3+ 22 or
x =3 — 22 then

1 Y
Yl = 2 ,
=0 - 16 (x3 — 153x2 + 595x — 51)

where
Yy = 4x"(n(x* —6x + 1) +3x% — 12x + 1)C3, | + 4x"(n(x — 198)(x? — 6x + 1) + 2(2x® — 306x% +
1189x — 99))C%,, — 3x"(n(x? — 6x + 1) 4 3x? — 12x +1)C_,,1 1 + 18x" (n(x? — 198x + 33) + 3x2 — 396x +
33)C_, — 3x"(n(x* —198x + 1) +3x2 — 396x +1)C_,,_1 — 4(81x? — 1190x + 177).

(e) (m=-2,j=0)
If (x> — 34x 4+ 1) (x> — 39202x + 1) # 0, i.e., x # 19601 + 13860v/2, x # 19601 — 13860v/2, x # 17 + 12
V2, x # 17 — 12V/2, then

R §1

- k3
3, = ,
,EO" 26T 4 (x2 — 34x +1) (x2 — 39202x + 1)

where

Yy = 4"t (a2 —34x +1)C3,, , +4x" T (x —39202) (x* — 34x +1)C3,, — 3x" T (x? —34x +1)C_pp42 +
102x™+1 (x% — 39202x + 1153)C_p, — 3x™ 1 (x% — 39202x + 1)C_p,_» — 4(4913x3 — 666435x2 + 34323x —
1),
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and if (x? —34x +1) (x2 —39202x + 1) = 0, i.e., x = 19601 + 13860v/2 or x = 19601 — 13860v/2 or x =
17 +12v2 or x = 17 — 12v/2 then

= k3 )
xC = 4
szo 2 = 6 (x3 — 29427x2 + 666435 — 9809)

where

Yo = 4x"(n(x? —34x +1) +3x2 — 68x +1)C3,, ., +4x" (n(x — 39202) (x* — 34x + 1) + 2(2x> — 58854x% +
1332869x — 19601))C3 ,,, — 3x" (1n(x? — 34x + 1) + 3x% — 68x + 1)C_p42 + 102x" (n (x> — 39202x + 1153) +
3x2 — 78404x + 1153)C_p, — 3x" (n(x? — 39202x + 1) 4 3x% — 78404x +1)C_p,_» — 12(4913x? — 444290x +
11441).

6 (m=-2,j=1)
If (x* = 34x +1) (x* —39202x + 1) # 0, i.e., x # 19601 + 13860v/2, x # 19601 — 13860v/2, x # 17 + 12
V2, x # 17 — 12V/2, then

Y, = kS
ST T T 4 (% - 34x + 1) (22 - 392020 + 1)

where

Yy = 4x"TH(x? — 34x + 1)C3,, 4 4 4x"T(x — 39202)(x? — 34x + 1)C%,, ; — 3x" T (x? — 34x +
1)C_ppy3 + 102x" 1 (x2 — 39202x + 1153)C_p, 41 — 3x™ (2% — 39202x + 1)C_5,_1 — 108(35937x3 —

1329571x% + 39235x — 1),
and if (x? —34x +1) (x2 —39202x + 1) = 0, i.e., x = 19601 + 13860v/2 or x = 19601 — 13860v/2 or x =
17 +12v2 or x = 17 — 12/2 then

Z ka3 _ ‘Pz
£ T T 16 (23 2942722 + 666435x — 9809)

where

Yy = 4x"(n(x? — 34x 4+ 1) 4+ 3x% — 68x + 1)C3,, 5 + 4x"(n(x — 39202)(x* — 34x + 1) + 4x° —
117708x2 + 2665738x — 39202)C% | — 3x" (n(x? — 34x + 1) + 3x% — 68x + 1)C_py43 + 102x" (n(x? —
39202x + 1153) + 3x2 — 78404x + 1153)C_p,, 1 — 3x" (n(x? — 39202x + 1) + 3x? — 78404x +1)C_p,_1 —
108(107811x2 — 2659142x + 39235).

Taking x = 1 in the last two corollaries we get the following corollary;

Corollary 5. For n > 0, balancing numbers, modified Lucas-balancing numbers and Lucas-balancing numbers have the
following properties:

1.

(a) z B} = 35 (6304B3 — 32B3 | — 147B,,41 + 738B, — 3B,,_1 + 112).

(b) kzo B3, = 1osiqoy (125443283, — 32B3, , — 3675B2,,42 + 121278B5,, — 3By, 5 + 15120).

() kf_ By = sty (125443283, | — 32B3, | — 3675B),43 + 121278Byy, 11 — 3By, 1 + 7280).

(d) z B3, = 5 (6304B% , —32B% | —3B_, 1 +738B_, — 147B_,_; — 112).

(e) f B3 5, = ostang (—32B% 5,5 + 1254432B% , — 3B_5,45 + 121278B_, — 3675B_5,—» — 15120).

k=0
n
® L B i = oseano(—32B% 5, 5 + 125443283, | — 3B .43 + 1212788 5,1 — 3675B_p,_1 +

1247120).

n
@ Y H} = 4 (197H3 — H3 | + 147H,1 — 738H, + 3H,_1 + 784).
k=0
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(b) kfo H3, = 59505 (39201H3, — H3,_, + 3675Hy,.+» — 121278 H,,, + 3Ha,—2 + 156800).

(c) kfo Hy = 39905 (39201H3, | — H3, | + 3675H0, 43 — 121278 Hpy 41 + 3Hpy—1).

(d) éo H3, = 5:(197H%,, — H3 | +3H_, 41 — 738H_,, + 147H_,_1 + 784).

(e) é_o H3 = 5o355 (—H 5,40 +39201H2 ,, + 3H 3,40 — 121278H_5,, + 3675H_5,— + 156800).

n
) kzo H® 51 = 5900 (—H2 45 +39201H3 | +3H 3,13 — 121278H 5,41 + 3675H_5,_1 + 8467200).

n
@ Y C} = -4;(788C3 —4C3 | +147C;y1 — 738Cy + 3Cy—1 + 392).
k=0
n
(b) Y. C3 = 1saso5(156804C3, —4C3, 5 + 3675Co,1 o — 121278Cay + 3Cay—2 + 78400).
k=0

n
() ;Eo C3i1 = Toogon (156804C5, 1 —4C3, | +3675C2,43 — 121278Cs41 + 3Cou—1).
n
d Y C, = gz (—4C3, | +788C3, +3C_,41 —738C_y + 147C_,,_1 +392).
k=0
n
(@ Y CP, = stsgg(—4C3,, 5 +156804C8  + 3C o0 — 121278C_5, + 3675C_2,— + 78400).
k=0

n
O Y Chy = 1se(—4C3,, 5 + 156804C3, | + 3C_o443 — 121278C_p,41 + 3675C_2,-1 +
k=0
4233600).

3. Conclusions

Recently, there have been so many studies of the sequences of numbers in the literature and the
sequences of numbers were widely used in many research areas, such as architecture, nature, art, physics
and engineering. In this work, sum identities were proved. The method used in this paper can be used
for the other linear recurrence sequences, too. We have written sum identities in terms of the generalized
balancing sequence, and then we have presented the formulas as special cases the corresponding identity
for the balancing, modified Lucas-balancing and Lucas-balancing numbers. All the listed identities in the
corollaries may be proved by induction, but that method of proof gives no clue about their discovery. We give
the proofs to indicate how these identities, in general, were discovered.
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